
Solutions of Selected Problems and Answers

Chapter 1

Problem 1.5s

The sphere and the probability distribution have both inversion and rotation
symmetry; the first implies 〈x〉 = 〈y〉 = 〈z〉 = 0 and the second in combination
with the first implies

Δx2 =
〈
x2
〉

= Δy2 =
〈
y2
〉

= Δz2 =
〈
z2
〉

=
1
3
〈
r2
〉
.

Hence,

〈εk〉 =
1

2m
3Δp2

x ≥ 3
2m

�
2

4
1

Δx2
=

9�
2

8m 〈r2〉 .
For a uniform probability, within the sphere of radius r0 and volume V =

(4π/3) r30,
〈
r2
〉

= (3/5) r20 = (3/5) (3/4π)2/3 V 2/3 = 0.2309V 2/3. Thus 〈εk〉 =
4.87 �

2/mV 2/3.

Problem 1.9s

The quantity λm must depend on:

(a) �, since black body’s radiation is of quantum nature
(b) c, since it is an electromagnetic phenomenon
(c) kBT , since T is the only parameter in the spectral distribution of this

radiation; furthermore, absolute temperature is naturally associated with
Boltzmann’s constant, kB, as a product kBT with dimensions of energy

Out of �, c, kBT , there is only one combination with dimensions of length
�c/kBT (remember that �c has dimensions of energy times length). Hence,

λm = c1
�c

kBT
,

where the numerical constant c1 = 1.2655
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Problem 1.10s

The scattering cross-section has dimensions of length square. The photon
scattering by electron must depend on:

(a) The electron charge, −e, since, if this charge was zero, there would be no
interaction and no scattering.

(b) The velocity of light, since we are dealing with an electromagnetic phe-
nomenon.

(c) The mass of the electron, me, since if the mass was infinite, the electron
would not oscillate under the action of the photon electromagnetic field
and would not emit radiation.

(d) The energy of the photon, �ω.

The quantity e2/4πε0mec
2 has dimensions of length (since e2/4πε0r has

dimensions of energy). Hence, the cross-section, σ, is of the form

σ =
(

e2

4πε0mec2

)2

f

(
�ω

mec2

)
,

where the function f of the dimensionless quantity �ω/mec
2 cannot be deter-

mined from dimensional analysis; it turns out that f(x) is a monotonically
decreasing function of x with f(0) = 8π/3, and f(∞) = 0. (The formula for
σ is known as the Klein–Nishina formula).

Problem 1.11s

The natural linewidth, ΔE, has dimensions of energy. It must depend on:

(a) The dipole moment p = e · r (as suggested by the question).
(b) The velocity of light, c since the decay is due to the emission of a photon.
(c) The frequency of the emitted photon, since only an oscillating dipole emits

radiation.

Hence, by finding the only combination of p, c, ω with dimensions of
energy, we obtain

ΔE = c1
e2r2ω3

4πε0c3
and the lifetime tl =

�

ΔE
=

4πε0�c3

c1e2r2ω3
,

where the “constant” c1 depends on the details of the initial and the final
atomic level, since actually r2 is the square of the matrix element of an appro-
priate projection of r between the initial and the final states. We expect that,
for the transition 2p to 1s in hydrogen, r2 to be of the order of a2

B. Choosing,
arbitrarily, c1 = 1 and r2 = a2

B, while �ω = 13.6
(
1 − 1

4

)
eV = 10.2 eV we find

for this transition
tl � 1.17 × 10−9s,

while a detailed advanced calculation gives tl = 1.59 × 10−9s.
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Problem 1.12s

The effective absolute temperature, T , would appear as the product kBT of
dimensions of energy. It must depend on:

(a) The product GM , where G is the gravitational constant. The reason is
that the strong gravitational field responsible for this radiation depends
on the product GM .

(b) Planck’s constant �, since the phenomenon is of quantum origin.
(c) The velocity of light, c, since we are dealing with electromagnetic radia-

tion.

The reader may convince himself that out of GM , � and c there is only
one combination to give dimensions of energy, namely, �c3/GM . Hence

kBT = c1�c3/GM,

where the numerical constant c1 turns out to be equal to 1/8π.

Problem 1.13s

It is more convenient for dimensional analysis to employ the G-CGS system
(to get rid of ε0 and μ0). The skin depth will depend on:

(a) The frequency ω (see the statement of the problem).
(b) The velocity of light c (EM phenomenon).
(c) The conductivity σ (we are dealing with a good conductor). But [σ] =[

e2/�aB

]
= [t]−1. Hence,

δ = c

√
1
ωσ

f
(ω
σ

)
; it turns out that f

(ω
σ

)
=

1√
2π
.

Chapter 2

Problem 2.3s

According to the book by Karplus and Porter [C65], the minimum of the curve
appears at d = 0.74 A = 1.4 a.u. and it is equal to −4.75 eV. Assuming that
at d′ = 5 a.u., the energy is still given by the van der Waals, we have

εd̄=5 = 6.48/d′6a.u. = 6.48/56 a.u. = 11.3 meV.

At d′ = 0.5 a.u., the total energy (excluding the proton–proton repulsion)
is expected to be slightly higher than the total electronic energy of the He
atom. The latter energy is equal to minus the sum of the first and the second
ionization potential of He, i.e., −24.587− 54.418 eV = −79 eV. To this energy
we must add 2×13.6 eV to be consistent with our choice of the zero of energy.
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Thus the total energy at d′ = 0.5 a.u. is higher than −79 + 27.2 + e2

4πε0d′ =
−51.8 + 27.2

0.5 eV = 2.6 eV.
In Fig. 2.5, we plot the experimental curve and the two points we

estimated above.

Fig. 2.5. Interaction energy of two hydrogen atoms vs their separation

Problem 2.5s

|ψ(r)|2 = Ae−2r/a,

〈
1
r

〉
=
∫ ∞

0

4πr2dr |ψ|2 1
r

=

∫∞
0

drre−2r/a

∫∞
0

drr2e−2r/a
=

1/ (2/a)2

2/ (2/a)3
=

1
a
,

〈
r2
〉

=

∫∞
0 drr4e−2r/a

∫∞
0 drr2e−2r/a

=
4!/ (2/a)5

2!/ (2/a)3
= 4 × 3

(a
2

)2

= 3a2,
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〈
p2

2m

〉
= − �

2

2m

∫
ψ

1
r2

d
dr

(
r2

dψ
dr

)
4πr2dr = −4π�

2

2m

∫
ψ

d
dr

(
r2

dψ
dr

)
dr

= − �
2

2m

∫∞
0

e−r/a d
dr

(
r2 d

dr e−r/a
)
dr

∫∞
0

drr2e−2r/a
=

�
2

2m
a/4

2a3/8
=

�
2

2ma2
,

〈ε〉 =
�

2

2ma2
− e2

4πε0a
,

∂ 〈ε〉
∂a

= 0 ⇒ a =
4πε0�

2

e2m
= aB,

Δr =
√
〈r2〉 =

√
3aB, Δp2

i =
1
3
〈
p2
〉

=
1
3

�
2

a2
,

Δx2
i =

1
3
〈
r2
〉

=
3
3
a2 = a2, Δp2

i Δx
2
i =

1
3

�
2,

vs. Δp2
i Δx

2
i ≥ �

2

4 .

Problem 2.6s

Solving the system

r = r1 − r2, R = (m1r1 +m2r2) / (m1 +m2) ,

with respect to r1, r2, we find

r1 = R +
m2

M
r , r2 = R − m1

M
r .

Hence, taking into account that p1 = m1ṙ1, p2 = m2ṙ2, we have

p2
1

2m1
=
m1Ṙ

2

2
+
μ2ṙ2

2m1
+ μṘṙ,

p2
2

2m2
=
m2Ṙ

2

2
+
μ2ṙ2

2m2
− μṘṙ.

Summing the two equations we find

p2
1

2m1
+

p2
2

2m2
=

1
2
MṘ

2
+

1
2
μṙ2 =

P2

2M
+

p2

2μ
, QED.

Problem 2.8s

From virial theorem E =
(
1 + 2

β

)
V̄ , where V (x) ∼ ± |x|β . According to the

correspondence principle (valid for large n), to go from the level n to level
n+1, V̄ must go from V̄ (x) to V̄ (x+ δx), where δx = λ; but λ−2 ∼ EK ∼ E.
Thus

δE ≡ E(n+ 1) − E(n) ∼ ∂V̄

∂x
λ ∼ ∂V̄

∂x

1√
E
.

But

δE � (dE/dn) = αE/n ∼ E/E1/a = E1−(1/a), sinceE ∼ na,

∂V̄

∂x
λ �

(
|β| |x|β / |x|

)
λ ∼ V̄ 1−(1/β)E−1/2.
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Substituting in δE ∼ (∂V̄ /∂x)λ the last two relations and taking into account
that E ∼ V̄ , we have

E1− 1
a ∼ V 1− 1

βE− 1
2 ∼ E1− 1

β − 1
2 ,

or
1
a

=
1
2

+
1
β

⇒ a =
(

1
2

+
1
β

)−1

. (1)

In spite of the hand-waving character of “deriving” (1), the latter is valid
(for every n) for β = 2 (harmonic potential) and for β = −1 (Coulomb
potential), since the exact results are a = 1 and a = −2 respectively.

The WKB approach (see Q34, p.447) gives that |E| ∼ (n+ 1
2

)a.

Problem 2.11s

We introduce the quantities q and k as follows:

�
2q2/2m ≡ εb and �

2k2/2m ≡ |ε| − εb.

Then the ground state has the form:

ψ = AJ0 (kr) , r ≤ a;ψ = BK0 (qr) , r ≥ a; (1)

(K0(z) = iπ
2 H

(1)
0 (iz) is the modified Bessel function of zero-order; see

Table H.18). The continuity of the logarithmic derivative ψ′/ψ at r = a leads
to the following relation

kJ ′
0 (ka)

J0 (ka)
=
qK ′

0 (qa)
K0 (qa)

, (2)

where the prime denote differentiation with respect to the corresponding argu-
ment ka or qa respectively. For small values of εb and |ε| (in comparison with
E0 ≡ �

2/ma2), ka and qa are much smaller than one. Expanding J0 (ka) and
K0 (qa) we have

J0 (ka) = 1 − 1
4
(ka)2 + O (k4a4

)
, (3)

K0 (qa) = −
[
ln
(qa

2

)
+ γ
]
[

1 +
(qa)2

4

]

+
(qa)2

4
+ O

[
ln
(qa

2

)
q4a4

]
.

Substituting in (2) we have

− k2a2

2
= − 1

− ln
(

1
2e

γqa
) . (4)

Taking into account that q2a2 = 2εb / E0 and k2a2 = 2(|ε| − εb)/ E0 �
2|ε|/ E0, we obtain the relation

εb � 2
e2γ

E0 exp
(
−2E0

|ε|
)
.
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Chapter 3

Problem 3.1s

According to (3.1) the viscosity η is equal to μst, where μs is the shear mod-
ulus and t is a characteristic time of motion of each water molecule; t is
expected to be of the order of the period of molecular vibration T in ice:
t = c1T = 2πc1 / ω, where ω =

(
c2� /mea

2
Br̄

2
w

)√
me /mw and c1, c2 are

numerical constants of the order of one. Substituting mw = 18 × 1823me

and r̄w = (2.68 × 18)1/3 = 3.64 we have ω = c21.72 × 1013 rad/s. The shear
modulus μs (in ice) is expected to be around 0.3B where B is the bulk mod-
ulus of water, where B � 0.2�

2 /mea
5
Br̄

5
w = 9.2 × 109 N/m2 (the numerical

coefficient was taken 0.2 and not 0.6 as usually, because the hydrogen bond is
much weaker than the strong bonds for which the 0.6 is a reasonable choice).
Hence, the result for η is

η = (2πc1 / c2)(0.3 × 9.2 × 109/1.72 × 1013) = (c1 / c2)10−3 kg/ms,

which coincides with the experimental result if c1 = c2.

Problem 3.2s

H2O has larger cohesive energy, because H2O possesses a dipole moment
(being non-linear), while CO2 is non-polar (being a symmetric linear molecule).

Problem 3.12s

Consider a rotation of a Bravais Lattice, by an angle θ, around the axis z, of
an orthogonal Cartesian system, passing through a lattice point. The matrix∑

(θ) implementing this rotation has the form

∑
(θ) =

∣
∣
∣
∣
∣∣

cos θ sin θ 0
− sin θ cos θ 0

0 0 1

∣
∣
∣
∣
∣∣
. (1)

Now we denote the same rotation in the system a1, a2, a3 by the matrix∑ ′ (θ). If
∑ ′ (θ) is compatible with the translational symmetry of the lat-

tice, each lattice point
∑

i nia i will be mapped to another lattice point∑
i n

′
iai: [n′

i] =
∑ ′ (θ) [ni]; where [n′

i] and [ni] are column matrices. For
{n′

i} (i = 1, 2, 3) to be integers, for any set of three integers n1, n2, n3 the
matrix elements of

∑ ′(θ), must be integers. Since
∑

(θ) and
∑ ′(θ) describe

the same rotation in different coordinate systems, they must be related by a
transformation of the form

∑ ′(θ) = S−1
∑

(θ)S, (2)
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where S is a 3 × 3 matrix, connecting the two coordinate systems. By taking
the trace of (2), we have

Tr
∑ ′(θ) = TrS−1

∑
(θ)S = TrSS−1

∑
(θ) = Tr

∑
(θ). (3)

The Tr
∑

(θ) = 2 cos θ + 1 and the Tr
∑ ′ (θ) is an integer, since all matrix

elements of
∑ ′ (θ) are integers. Hence

2 cos θ = integer,

from which it follows that θ = 2π/n, n = 1, 2, 3, 4, 6.

Chapter 4

Problem 4.7ts

For Cu, ζ = 2.57, r̄c = 1.113, η = 0.6025, a = 4.429 + 6.2687 = 10.70,
γ = 1.97 + 5.944 = 7.916, r̄a = 2.70, B = 1.16 Mbar, PP = 294

γ

4πr̄4a
=

185.2
r̄4a

= 3.48 Mbar.

Problem 4.1s

Binding energies in eV(Th.: Theory: Exp.: Experiment) Na (Th. 4.92;
Exp. 6.25), K (Th. 4.07; Exp. 5.27), Mg (Th. 19.98; Exp. 24.19), Ca
(Th. 15.73; Exp. 19.82), Fe (Th. 56.29; Exp. 59.02), Al (Th. 52.49; Exp. 56.65),
Ti (Th. 69.36, Exp. 96.01).

Problem 4.2s

Debye temperature in degrees K according to the RJM for some solids:

Al (419) , Cu (300) , Au (142) , Fe (497) , Pb (80) , Mg (344) , Be (1322) .

Problem 4.3s

Hint: Combine (C.25) with (4.100). At T ≥ ΘD use (4.51) for B and (4.66)
for ΘD.

Problem 4.7s

The constant electronic charge density is ρ = −3ζe / 4π
(
r3a − r3c

)
, rc ≤ r ≤ ra;

from Gauss theorem the electric field ε(r) is 4πε0ε(r)r2 = (4π / 3)ρ
(
r3 − r3c

)
.

The potential φ(r) = − ∫ ε(r)dr is 4πε0φ(r) = −(2π / 3)ρr2 − (4πρr3c/3r
)

+
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const. The const. is determined from 4πε0φ(ra) = −ζe / ra: const = −3ζer3a / 2(
r3a − r3c

)
. The classical electronic Coulomb self-energy is

Ee−e =
1
2

ra∫

rc

φ(r)ρ(r)d3r =
3
2

ζ2e2

4πε0(1 − x2)2ra

[
4
10

− x3 +
6
10
x5

]
, x =

rc
ra
.

The electrostatic Coulomb electron-ion interaction is

Ee−i = ρ

ra∫

rc

d3r
ζe

4πε0r
= −3

2
ζ2e2

(
r2a − r2c

)

4πε0 (r3a − r3c )
.

Adding Ee−e and Ee−i, we obtain the classical electrostatic energy per atom
in agreement with the given formula.

Chapter 5

Problem 5.4s

Values of �ωpf (in eV) for some solids according to (5.27).

Li (8.39) , Na (6.62) , K (4.87) , Rb (4.45) , Mg (11.21) , Al (14.98) , Ag (9.33) .

Problem 5.9s

For Si and from Table 4.4 (p. 98), we have cl = 8945 m/s and ct = 5341 m/s.
We shall choose 〈c〉 � 7500 m/s. The Debye temperature ΘD = 645 K, so
that T /ΘD � 300 / 645 = 0.465 and CV � 0.82 × 3NakB; V /Na = 20 A3;
�ph � 300 A. The result, according to (5.134), is Kph � 127 Wm−1K−1 =
1.27 Wcm−1K−1 vs. 1.48 Wcm−1K−1 experimentally.

Problem 5.11s

The Fourier transform of f(r) = exp (−ksr) /r is

f̃(k ) =
∫

d3r exp (−ik · r) f(r)

= 2π
∫ 1

−1

d (cos θ) exp (−ikr cos θ) drr2f(r)

= (4π/k)
∫ ∞

0

dr sin kr exp (−ksr) = 4π/
(
k2 + k2

s

)
.
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Problem 5.13s

The resistivity in SI is ρ = υF / ε0ω
2
pf�, where �−1 = ns

∫
dσ
dΩ (1 − cos θ)dΩ.

We have k2 = 4k2
F sin2(θ / 2) = 2k2

F(1 − cos θ), 2kdk = −2k2
Fd(cos θ), dΩ =

−2πd(cos θ) = 2πkdk / k2
F. Moreover, dσ / dΩ = (m2 / 4π2

�
4)(e2ne / ε0)2(|k · u | /k2ε(k)

)2 =
(
m2e4n2

e / 4π2
�

4ε20
)

(V �ωk < nk > /B)/(k2ε(k))2 =(
λ0k

4
s /ρFV

)
(m2/4π2

�
4) × (V �ωk < nk >)/(k2

2ε(k))2. We took into account
that λ0 / ρFV = E2

s /B and Es = e2ne / ε0k
2
s . Substituting in the expression

for �−1 we have �−1 =
(
λ0k

4
s / ρFV

)
(m2/4π2

�
4)V −1V �

∫
ωk < nk >

(
k2/2k2

F

)
(
2πkdk/k2

F

)
/(k2ε(k))2 =

(
λ0k

4
sm

2 / 4πk4
F�

4ρFV

) × ∫ dkk3
�ωk < nk > /

(k2ε(k))2 or, by defining y ≡ β�c̄k, �−1 = (λ0m
2k4

s /4π�
4k4

FρFV)(24k4
F/y

4
0)∫

dyy3
�ωk

1
k4ε2(k)

1
ey−1 , where y0 = 2β�c̄kF. We have taken into account

that EF = �
2k2

F/2m, EFρFV = (3/4)ne = (3/4)(k3
F/3π

2) = k3
F/4π

2, and
k2ε(k) = k2 + k2

s = k2
s [1 + (k2/k2

s )] and we have

�−1 =
λom

8π�

4π2

pF

16kBT

y4
0

y0∫

0

dyy4

[1 + (2by2/y2
0)]2(ey − 1)

,

where k2/k2
s = (k2/k2

F)(k2
F/k

2
TFf) = (2y2/y2

0)(2k
2
F/k

2
TFf) and f(k/kf) is

given by (D.28). We write b ≡ 2k2
F/k

2
TFf . Thus

ρ =
υF

ε0ω2
ρf�

=
mυF

pF

8π2λ0

4πε0�ω2
pf

4kBT

y4
0

y0∫

0

dy y4

[1 + (2by2/y2
0)]2(ey − 1)

,

which coincides with (5.59) since mυF ≡ pF.

Problem 5.15s

mυ̇ = −eE − eυ ×B

c
,

mB × υ̇ = −eB ×E − e

c
B × (υ ×B) ,

B × (υ ×B) = υB2 −B (υ ·B) ,

mB × υ̇ = −eB ×E − e

c

[
υB2 −B (υ ·B)

]
,

e

c
B2υ = −mB × υ̇ − eB ×E +

e

c
(υ ·B)B ,

υ = −mc
e

1
B2

B × υ̇ − c

B2
B ×E +

1
B2

(υ ·B)B ,

υ = −mc
e

1
B

B0 × υ̇ − c

B
B0 ×E + (υ ·B0)B0,

υ = −mc
eB

B0 × υ̇ + υ0 + (υ ·B0)B0,

υ⊥ = −mc
eB

B0 × υ̇⊥ + υ0,υ‖ = (υ ·B0)B0 = Const.
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Chapter 6

Problem 6.5s

We implement the successive transformations shown in Fig. 6.16a and at each
stage we calculate the matrix elements of the Hamiltonian

χ1
n−1 =

1√
2

(sn−1 + px,n−1) , χ2
n =

1√
2

(sn − px,n) ,

χ1
n =

1√
2

(sn + px,n) , χ2
n+1 =

1√
2

(sn+1 − px,n+1) .

For the matrix elements of Ĥ we have
〈
χ1

i

∣
∣∣Ĥ
∣
∣∣χ1

i

〉
=
〈
χ2

i

∣
∣∣Ĥ
∣
∣∣χ2

i

〉
=
εp + εs

2
, i = n− 1, n, n+ 1,

〈
χ1

i

∣
∣
∣Ĥ
∣
∣
∣χ2

i

〉
=
〈
χ2

i

∣
∣
∣Ĥ
∣
∣
∣χ1

i

〉
= −εp − εs

2
= −V1, i = n− 1, n, n+ 1,

〈
χ1

n−1

∣∣
∣Ĥ
∣∣
∣χ1

n

〉
=

1
2

[〈
sn−1

∣∣
∣Ĥ
∣∣
∣ sn

〉
+
〈
sn−1

∣∣
∣Ĥ
∣∣
∣ px,n

〉
+
〈
px,n−1

∣∣
∣Ĥ
∣∣
∣ sn

〉

+
〈
px,n−1

∣
∣∣Ĥ
∣
∣∣ px,n

〉]

=
�

2

2md2
[−1.32 + 1.42 − 1.42 + 2.22] = 0.45

�
2

md2
.

Similarly,
〈
χ2

n

∣∣
∣Ĥ
∣∣
∣χ2

n+1

〉
= �

2

2md2 [−1.32 − 1.42 + 1.42 + 2.22] = 0.45 �
2

md2 ,

〈
χ1

n

∣∣
∣Ĥ
∣∣
∣χ2

n+1

〉
=

�
2

2md2
[−1.32− 1.42 − 1.42 − 2.22] = −3.19

�
2

md2
,

ψbn−1,n =
1√
2

(
χ1

n−1 + χ2
n

)
, ψbn,n+1 =

1√
2

(
χ1

n + χ2
n+1

)
,

ψa,n−1,n =
1√
2

(
χ1

n−1 − χ2
n

)
, ψan,n+1 =

1√
2

(
χ1

n − χ2
n+1

)
,

Hbb
n,n+1 ≡

〈
ψbn−1,n

∣
∣
∣Ĥ
∣
∣
∣ψbn,n+1

〉

=
1
2

[〈
χ1

n−1

∣
∣
∣Ĥ
∣
∣
∣χ1

n

〉
+
〈
χ2

n

∣
∣
∣Ĥ
∣
∣
∣χ1

n

〉
+
〈
χ2

n

∣
∣
∣Ĥ
∣
∣
∣χ2

n+1

〉]

=
1
2
[
0.45 �

2/md2−V1 + 0.45 �
2/md2

]
=

1
2
[
0.9 �

2/md2 − V1

]
,

Haa
n,n+1 =

1
2
[
0.45 �

2/md2+V1+0.45 �
2/md2

]
=

1
2
[
0.9 �

2/md2 + V1

]
,

Hab
n,n+1 =

1
2
[
0.45 �

2/md2 − V1 − 0.45 �
2/md2

]
= V1/2.
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Problem 6.6s

The bonding or antibonding molecular orbitals are linear combinations of χ1
nc

and χ2
n+1a atomic hybrids (see Fig. 6.17):

ψbn,n+1 = c1χ
1
nc + c2χ

2
n+1a with a similar expression ψan,n+1. Equation

(1), Ĥψbn,n+1 = εψbn,n+1, in the basis χ1
nc and χ2

n+1a reads
(
εhc − εb,a V2h

V2h εha − εb,a

)(
c1
c2

)
= 0, (4)

where εhc = ε + V3h, εha = ε − V3h are given by (6.81)-(6.83) and V2h =
−3.19�

2/md2. By setting the determinant equal to zero we find the eigenen-
ergies εb and εa as given by (6.77) and (6.78). From (1) we have that c1/c2 =
V2h/ (εb,a − εhc) = V2h/

(
∓√V 2

2h + V 2
3h − V3h

)
= ±

(
|V2h| /

√
V 2

2h + V 2
3h

)
/

(1 ± ap) = ±
√

1 − a2
p/ (1 ± ap) = ±

[(
1 − a2

p

)
/ (1 ± ap)

2
]1/2

= [(1 ∓ ap) /

(1 ± ap)]
1/2 where the upper signs are for the bonding and the lower for

the antibonding. Taking into account the requirement of normalization it
follows that

c1 =
1√
2

(1 − ap)
1/2

, c2 =
1√
2

(1 + ap)
1/2

, bonding,

c1 =
1√
2

(1 + ap)
1/2

, c2 = − 1√
2

(1 − ap)
1/2

, antibonding.

Problem 6.7s

Hint : Follow a similar to 6.5s step by step procedure and take into account
that ψb and ψa are given by (6.79) and (6.80).

Problem 6.8s

As it was mentioned in Problem 6.3 the Hamiltonian in the basis giak is
diagonal in k; thus in the intermediate expressions we are going to omit the
index k. From (6.41) we have
〈
gsc

∣
∣
∣Ĥ
∣
∣
∣ gsc

〉
= εsc,

〈
gsc

∣
∣
∣Ĥ
∣
∣
∣ gsa

〉
= Vssσ

(
1 + e2ikd

)
,
〈
gsc

∣
∣
∣Ĥ
∣
∣
∣ gpc

〉
= 0,

〈
gsc

∣
∣
∣Ĥ
∣
∣
∣ gpa

〉
= Vspσ

(−1 + e2ikd
)
,
〈
gsa

∣
∣
∣Ĥ
∣
∣
∣ gsa

〉
= εsa,

〈
gsa

∣∣
∣Ĥ
∣∣
∣ gpc

〉
= Vspσ

(
1 − e−2ikd

)
,
〈
gsa

∣∣
∣Ĥ
∣∣
∣ gpa

〉
= 0,

〈
gpc

∣
∣∣Ĥ
∣
∣∣ gpc

〉
= εpc,

〈
gpc

∣
∣∣Ĥ
∣
∣∣ gpa

〉
= Vppσ

(
1 + e2ikd

)
.
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Thus the 4 × 4 Hamiltonian matrix is:

sc
sa
pc
pa

∣
∣
∣∣
∣
∣
∣
∣∣
∣
∣
∣
∣
∣

sc sa pc pa

εsc Vssσ

(
1 + e2ikd

)
0 Vspσ

(−1 + e2ikd
)

Vssσ

(
1 + e−2ikd

)
εsa Vspσ

(
1 − e−2ikd

)
0

0 Vspσ

(
1 − e2ikd

)
εps Vppσ

(
1 + e2ikd

)

Vspσ

(−1 + e−2ikd
)

0 Vppσ

(
1 + e−2ikd

)
εpa

∣
∣
∣∣
∣
∣
∣
∣∣
∣
∣
∣
∣
∣

.

For sin kd = 0, i.e. kd = 0 or π, the above 4 × 4 breaks into two uncoupled
2× 2 matrices, one involving the s states only and the other the p states only.
These can be diagonalized immediately giving the following eigenvalues:

Eυ	 = ε̄s −
√
V 2

3s + 4V 2
ssσ s-character,

Ec	 = ε̄s +
√
V 2

3s + 4V 2
ssσ s-character,

Eυu = ε̄p −
√
V 2

3p + 4V 2
ppσ p-character,

Ecu = ε̄p +
√
V 2

3p + 4V 2
ppσ p-character,

where

ε̄s = (εcs + εsa) /2, V3s = (εsc − εsa) /2, ε̄p = (εps + εpa) /2,
V3p = (εpc − εpa) /2.

The gap Eg is equal to

Eg = Ec	 − Eυu =
√
V 2

3s + 4V 2
ssσ +

√
V 2

3p + 4V 2
ppσ − (ε̄p − ε̄s) ,

(assuming that Ec	 > Eυu; if Eυu > Ec	the gap is equal to minus the above
expression). According to this analysis the band edges of the VB and the CB
are obtained by the following graphical analysis (Fig. 6.19):

The resulting gap is larger than that given by (6.50).
Using the values for GaAs (from table B.3 and for d = 2.45A) we have

ε̄s = −15.23, V3s = 3.68, Vssσ = 1.674,
ε̄p = −7.325, V3p = 1.655, Vppσ = 2.815,
Eυ	 = −20.205 eV, Ec	 = −10.255 eV, Eυu = −13.1932 eV,
Ecu = −1.457 eV,
Eg = 2.938 eV,

while the approach shown in Fig. 6.17 gives
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Fig. 6.19. The band edges, Eυ�, Eυu, Ec�, Ecu of a one–dimensional compound
semiconductor assuming that they correspond to sin kd = 0; for sin kd = 0 the s-
states decoupled from the p-states, so that the bottoms of both the VB and the CB
are of s- character, while the tops of both the VB and the CB are of p- character.

Eυ	 � −19.68 eV, Ec	 � −10.78 eV, Eυu � −12.58 eV, Ecu � −2.075 eV,
Eg = 1.85 eV, vs. Eg � 1.52 eV experimentally.

In the case of an elemental “semiconductor” for which V3s = V3p = 0, we
have that the coefficients csa = csc exp (−ikd) and cpa = cpc exp (−ikd); thus
the 4 × 4 matrix reduces to a 2 × 2 matrix as follows

sc pc
sc εs + 2Vssσ cos kd 2iVspσ sin kd
pc −2iVspσ sin kd εp + 2Vppσ cos kd.

Problem 6.10s

By performing the integration (since
∑

k → (L/2π)
∫

dk) we obtain the fol-
lowing result



Solutions of Selected Problems and Answers 793

2
∑

k≤kF
E(k) = N

[
ε− 2 |V2 + V ′

2 |
π

E (λ)
]
, (2)

where E (λ) is the complete elliptic integral of second kind, E (λ) ≡ ∫ π/2

0

dφ
√

1 − λ2 sin2 φ, and λ = 4V2V
′
2/ (V2 + V ′

2)2. Assume that V2 = V0

(
a
2 − x

)

and V ′
2 = V0

(
a
2 + x

)
where V0 (y) ≡ −c/y2 and x is small. We call U (x)

the value of 2
∑

k≤kF
E(k) for small x and δU ≡ U (0) − U (x). Make the

appropriate expansions and show that

δU =
8
π

∣
∣
∣V0

(a
2

)∣∣
∣
[
1 + ln

(
a

|x|
)]

4x2

a2
. (3)

Equation (3) shows that the dimerization of the model given by (6.11) and
(6.12) by a small amount x lowers the total electronic energy by an amount
of the order x2 ln (1/ |x|). If any other energy (such as the elastic energy)
contributing to the total energy changes by an amount of the order x2, then
we can conclude that the dimerization lowers the total energy and hence,
the model given by (6.11) and (6.12) with one electron per atom is unstable
against lattice distortion (Peierls instability).

Chapter 7

Problem 7.1s

Let us calculate, e.g., the matrix element
〈
gos

∣
∣
∣Ĥ
∣
∣
∣ g1px

〉
. The summation over

the primitive cell vectors R in (6.49) involves the ones for which R + d1

are nearest neighbors of the atom “0” located at R = 0 (see Fig. 7.1);
d1 = (a/4) (1, 1, 1) is the position of the atom “1” at the primitive cell
R = 0. Out of the twelve nearest neighbors R of R = 0 only the follow-
ing, (a/2)

(
011
)
, (a/2) (1̄01̄), (a/2)

(
110
)

have |R + d1| = |d1| and hence,
are nearest neighbors of atom “0” located at R = 0. Thus, the four nearest
neighbors of atom “0” are located at d1 = O + d1, d2 = (a/2)

(
011
)
+ d1 =

(a/4)
(
111
)
, d3 = (a/2) (1̄01̄) + d1 = (a/4) (1̄11̄), and d4 = (a/2)

(
110
)

+
d1 = (a/4)

(
111
)
. To obtain a more symmetrical expression we define c̄1a

from the relation c1a = c̄1a exp (ik · d1) (see (6.42)) so that all off-diagonal
matrix elements will be multiplied by exp (ik · d1). The matrix elements〈
φoos

∣
∣
∣Ĥ
∣
∣
∣φR1px

〉
are given by (F.6) and (F.8), where � = 1/

√
3, 1/

√
3,−1/

√
3,

−1/
√

3 for d1,d2,d3,d4 respectively. Thus with these conventions
we have 〈

gos

∣
∣
∣Ĥ
∣
∣
∣ g1px

〉
= Espg1 (k) ,

where Esp =
(
1.42/

√
3
)

�
2/md2 = 0.82 �

2/md2 and

g1 (k ) ≡ exp (ik · d1) + exp (ik · d2) − exp (ik · d3) − exp (ik · d4) .
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In a similar way we obtain all other matrix elements. The final result for the
8 × 8 matrix equation is the following:
∣
∣
∣
∣∣
∣
∣
∣
∣
∣∣
∣
∣
∣
∣
∣∣
∣
∣
∣
∣

εso − E Essgo 0 0 0 Espg1 Espg2 Espg3

Essg
∗
o εs1 − E −Espg∗

1 −Espg∗
2 −Espg∗

3 0 0 0

0 −Espg1 εpo − E 0 0 Exxgo Exyg3 Exyg2

0 −Espg2 0 εpo − E 0 Exyg3 Exxgo Exyg1

0 −Espg3 0 0 εpo − E Exyg2 Exyg1 Exxgo

Espg∗
1 0 Exxg∗

o Exyg∗
3 Exyg∗

2 εp1 − E 0 0

Espg∗
2 0 Exyg∗

3 Exxg∗
o Exyg∗

1 0 εp1 − E 0

Espg∗
3 0 Exyg∗

2 Exyg∗
1 Exxg∗

o 0 0 εp1 − E

∣
∣
∣
∣∣
∣
∣
∣
∣
∣∣
∣
∣
∣
∣
∣∣
∣
∣
∣
∣

∣
∣
∣
∣∣
∣
∣
∣
∣
∣∣
∣
∣
∣
∣
∣∣
∣
∣
∣
∣

cso

c̄s1

cxo

cyo

czo

c̄x1

c̄y1

c̄z1

∣
∣
∣
∣∣
∣
∣
∣
∣
∣∣
∣
∣
∣
∣
∣∣
∣
∣
∣
∣

= 0,

where Ess ≡ Vssσ = −1.32 �
2/md2, Exx = 1

3Vppσ + 2
3Vppπ = 0.32 �

2/md2,
and Exy = 1

3Vppσ − 1
3Vppπ = 0.95 �

2/md2; moreover,

g0(k ) = exp (ik · d1) + exp (ik · d2) + exp (ik · d3) + exp (ik · d4) ,
g2 (k ) = exp (ik · d1) − exp (ik · d2) + exp (ik · d3) − exp (ik · d4) ,
g3 (k ) = exp (ik · d1) − exp (ik · d2) − exp (ik · d3) + exp (ik · d4) .

The eigenfunctions ψk are of the form ψk =
∑

a
c0a |g0ak 〉+

∑

a
c̄1a |g1ak 〉. Notice

that for k = 0, g0 = 4 and g1 = g2 = g3 = 0, so that the 8 × 8 breaks into
four 2 × 2 systems (one for s and three identical ones for the p′s).

Problem 7.4s

We choose the atom “0” in Fig. 7.1 to be the anion and the atom “1” to be the
cation. By a similar calculation as in Problem 6.6s, we find that the bonding
and the antibonding molecular orbitals between atoms “0” and “1” are:

ψ
(01)
b =

1√
2

[
(1 + ap)

1/2
χ1

o + (1 − ap)
1/2

χ1
1

]
,

ψ(01)
a =

1√
2

[
(1 − ap)

1/2
χ1

o − (1 + ap)
1/2

χ1
1

]
.

Similarly, the bonding and the antibonding orbitals between atoms “1” and
“2” in Fig. 7.1 are

ψ(12)
a =

1√
2

[
(1 − ap)

1/2
χ2

2 − (1 + ap)
1/2

χ2
1

]
,

ψ
(12)
b =

1√
2

[
(1 + ap)

1/2 χ2
2 + (1 − ap)

1/2 χ2
1

]
.

Let us calculate

Hbb
c =

〈
ψ

(01)
b

∣
∣
∣Ĥ
∣
∣
∣ψ(12)

b

〉
= 1

2

[(
1 − a2

p

)1/2
〈
χ1

o

∣
∣
∣Ĥ
∣
∣
∣χ2

1

〉
+
(
1 − a2

p

)1/2

〈
χ1

1

∣
∣
∣Ĥ
∣
∣
∣χ2

2

〉
+ (1 − ap)

〈
χ1

1

∣
∣
∣Ĥ
∣
∣
∣χ2

1

〉]
.
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To proceed, we have to calculate
〈
χ1

0

∣
∣
∣Ĥ
∣
∣
∣χ2

1

〉
, which by symmetry is equal

to
〈
χ1

1

∣
∣
∣Ĥ
∣
∣
∣χ2

2

〉
. (The matrix element,

〈
χ1

1

∣
∣
∣Ĥ
∣
∣
∣χ2

1

〉
= −V1c = − (εp − εs) /4)

according to (F.65)). The matrix element
〈
χ1

0

∣
∣
∣Ĥ
∣
∣
∣χ2

1

〉
can be obtained either

by employing the analysis in s, px, py, pz as given in (F.60) and the mirror
image of (F.61) (see also Fig. 7.1) or, more conveniently, by choosing the x′

axis along the χ1
0 orbital and the y′ axis in the plane defined by the three atoms

“0”, “1”, “2” in Fig. 7.1. Then χ1
0 =

[
s+

√
3px′
]
/2, χ1

1 =
[
s−√

3px′
]
/2 and

χ2
1 = [s+ λx′px′ + λy′py′ ]. The orthogonality of χ1

1 and χ2
1 requires that λx′ =

1/
√

3 and the sp3 condition, λ2
x′ + λ2

y′ = 3, determines λy′ = −√8/3. Hence,
〈
χ1

0

∣∣
∣Ĥ
∣∣
∣χ2

1

〉
= 1

4

[
Vssσ + 1√

3
Vspσ +

√
3Vpsσ + Vppσ

]

= 1
4

[
−1.32 + 1.42√

3
−√

3 × 1.42 + 2.22
]

�
2

md2

= −0.185 �
2/md2.

Thus the final result for Hbb
c is

Hbb
c = −1 − ap

2
V1c − Λ′; Λ′ = 0.185

√
1 − a2

p�
2

md2
,

which coincides with (7.14). In a similar way we obtain Ĥbb
a , Ĥ

aa
c and Ĥaa

a ;
ap is given by (F.30) with V2 and V3 replaced by V2h and V3h respectively.

Problem 7.6s

Notice that υk = �
−1∇kεk and that εkυk = (2�)−1 ∇kε

2
k . The integral of the

gradient of a periodic function, f (k ), such as εk or ε2k , over the BZ is zero.
To prove this define

I(q) =
∫

BZ

d3k f (k + q),

and notice that I(q) does not depend on q . (To show this, change variable to
k ′ = k + q so that I (q) =

∫
pc d3k′f

(
k ′), where pc is a primitive cell; but the

integral of a periodic function over a primitive cell is the same no matter how
the primitive cell is chosen). Then take the gradient of I(q) :

∇kI (q) = 0 =
∫

BZ

d3k∇kf (k + q) ; QED.

Chapter 8

Problem 8.7s

For Schottky defects, the energy U due to the presence of NS defects is U =
NSεV; the entropy S = kB ln ΔΓ, where ΔΓ is the number of ways for the NS
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defects to be placed at the NL lattice sites:

ΔΓ = NL!/NS! (NL −NS)! � NNL
L /NNS

S (NL −NS)(NL−NS) .

Thus the minimization condition ∂G/∂NS = 0 leads to εv = −kBT [lnNs− ln
(NL −NS)] (NS/NL � 1).

For Frenkel defects we have to combine the NL!/NF! (NL −NF)! ways of
placing the NF vacancies in the NL lattice sites with the NI!/NF! (NI −NF)!
ways of placing the NF atoms in the NI interstitial sites. From this point on
the procedure is to minimize the Gibbs free energy G = U − TS = NFεF −
kBT ln ΔΓ, taking into account that NF/NL � 1 and NF/NI � 1.

Problem 8.8s

The bound state eigenenergy does not belong to the spectrum of the unper-
turbed Hamiltonian. This implies that the operator εb − Ĥ0 never becomes
zero and that the only solution of Ĥ0 |χ〉 = εb |χ〉 is the trivial one, |χ〉 = 0.
Thus the only possibility, if any, to have a non-zero |ψ〉 in (B.59) for E = εb
and |χ〉 = 0 is for the operator

[
1 − Ĝ0(E)Ĥ1

]−1

,

to blow up; given the form of Ĥ1, the only non-zero matrix elements of this
operator are the ones between any 〈n| and the |0〉 orbital. Expanding the
operator in a power series and taking the matrix element 〈n| , |0〉 we obtain

〈
n

∣
∣
∣
∣
[
1 − Ĝ0 (E) Ĥ1

]−1
∣
∣
∣
∣ 0
〉

= δn0 − εGn0
1

1 + εG00
,

where

Gn0 (E) =
〈
n
∣
∣
∣Ĝ0 (E)

∣
∣
∣ 0
〉

=
〈
n

∣
∣
∣
∣

1
E − Ĥ0

0
∣
∣
∣
∣

〉
=
∑

k

〈n |k) (k | 0〉
E − E (k)

,

and Ĥ0 |k) = E (k) |k) , i.e. |k ) are the eigenstates and E (k) are the eigenen-
ergies of Ĥ0. The sum over k can be simplified by introducing the DOS,
ρ (E′) =

∑

k

δ (E′ − E (k)), as follows

Gn0 (E) =
∫

dE′∑

k

δ (E′ − E (k ))
〈n |k ) (k |0)
E − E (k)

=
∫
δE′ 1

E − E′
∑

k

δ (E′ − E (k )) × 〈n |k) (k |0) .

By choosing 〈n| = 〈0| we have

G00 (E) =
∫

dE′

E − E′
ρ (E′)
V

, since 〈0 |k) (k |0〉 = 1/V .
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Hence, the bound eigenenergy εb is given as solution of the equation 1 +
εG00 (E) = 0, or equivalently

1
ε

= − 1
V

∫ Eu

El

dE′ρ (E′)
E − E′ = −

∫ Eu

El

dE′ρ0 (E′)
E − E′ ; ρ0 (E′) =

1
V
ρ (E′) ,

where El is the lower and Eu is the upper band edge.
Show that G00 (E) is negative with negative slope for E < El; moreover,

as E approaches El from below, G00 (E) blows up as − (E	 − E)−1/2 when
ρ0 (E′) → (E′ − El)

−1/2, or as ln (El − E) if ρ0 (E) goes to a constant as
E′ → El; finally G00 (E) goes to a negative constant as E′ → E−

l , if ρ0 (E′) →
(E′ − El)

a with a > 0.

Chapter 9

Problem 9.1s

The phase of the incoming wave at the point R relative to that of the origin
is φRi − φoi = k i · R. The phase of the scattered wave at the point R is
delayed relative to that at the origin by φRf −φof = −kf ·R (the minus sign
because of the delay). Hence, the scattered wave by a scatterer at R has a
phase difference Δφ relative to that in the origin given by

Δφ = φRi − φ0i + φRf − φ0f = k i ·R − k f ·R = k ·R.

Problem 9.2s

If we choose to work with the cubic unit cell of the bcc lattice (instead of the
primitive cell), the vectors of the direct lattice are a (n1i + n2j + n3k) and
that of the reciprocal are (2π/a) (m1i +m2j +m3k). There are two atoms
per cubic unit cell, one at the origin and the other at r = (a/2) (i + j + k).
Hence, the structure factor of the cubic unit cell is

SG = g [1 + exp (−iG · r)] = g [1 + exp (−iπ (m1 +m2 +m3))] ,

where g is the atomic form factor. Notice that if, m1+m2+m3 is odd, SG = 0.
Thus only G ′s such that m1 +m2 +m3 is even contribute to SG giving 2g.

If we choose to work with the primitive cell of the bcc we have

Rn = (a/2) [(−n1 + n2 + n3) i + (n1 − n2 + n3) j + (n1 + n2 − n3) k ] ,

Gm =
2π
a

[(m2 +m3) i + (m3 +m1) j + (m1 +m2) k ] .

In this case all G ′s contribute, and SG = g; however, the sum of their Carte-
sian component is 2 (m1 +m2 +m3), i.e. always even. The cubic unit cell will
give 2g since there are two primitive cells per cubic cell. Thus both approaches
give the same result. The reader may work out the fcc case with four primitive
cells per cubic unit cell.
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Problem 9.3s

The distance between two points lying in two consecutive direct lattice planes
along the direction of the basic vector a1 is |a1|; then the distance dp between
these two planes is a1 · n where n is a vector of magnitude one normal
to both planes. But n = G/ |G| where G (m1,m2,m3) is a vector of the
reciprocal lattice normal to the plane with Miller indices, m1,m2,m3. Hence,
the distance dp = a1 ·G/ |G| = 2πm1/ |G|, or |G| = 2πm1/dp QED.

Problem 9.5s

In Fig. 9.10 below we plot the phonon dispersion ±�ω (q) vs. q in the
repeated zone scheme (continuous curves) and the parabolas εf − εi =(
�

2/2m
)
(ki ± q)2 − εi for the neutron (dashed curves). The intersection of

solid and the dashed curves, gives the values of q which satisfy both (9.26)
and (9.27).

Fig. 9.10. Phonon dispersion, �ω vs q, in the repeated zone scheme (continuous
lines) and the neutron parabolas εf − εi vs (ki ± q)2 (dashed lines). The intersec-
tions of the continuous lines with the dashed lines provide the energies and the
wavenumbers for absorbed and emitted phonons

Problem 9.7s and 9.9s

Let |λ〉 be a normalized eigenfunction of the hermitean non negative oper-
ator a+

QaQ : a+
QaQ |λ〉 = λ |λ〉 , where λ is the corresponding eigenvalue

(λ ≥ 0). Consider the state aQ′ |λ〉 and act on it by a+
QaQ : a+

QaQaQ′ |λ〉 =(
aQ′a+

QaQ − δQQ′aQ

)
|λ〉 =aQ′λ |λ〉 −δQQ′aQ |λ〉 =λaQ′ |λ〉 −δQQ′aQ |λ〉 =

(λ− δQQ′) aQ′ |λ〉 . Thus the state aQ |λ〉 is also an eigenstate of a+
QaQ with

an eigenvalue λ− 1; moreover, the state an
Q |λ〉 is also an eigenstate for a+

QaQ

with eigenvalue λ − n where n is any natural number. Since the eigenvalues
of a+

QaQ are non negative, it follows that these eigenvalues are n = 0, 1, 2, . . .,
because, otherwise, a+

QaQ would have negative eigenvalues.
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We found that aQ |n〉 = χn |n− 1〉 , where |n− 1〉 is normalized and χn

is the normalization factor. We have
〈
n
∣∣
∣a+

QaQ

∣∣
∣n
〉

= n = χ2
n 〈n− 1|n− 1〉 =

χ2
n. Hence

aQ |n〉 =
√
n |n− 1〉 .

Similarly we can show that a+
Q |n〉 = χ′

n |n+ 1〉 and that χ′
n =

√
n+ 1.

Problem 9.12s

We assume central forces and cubic symmetry. Let V(R) be the potential
energy between an atom at the origin and one located at the lattice point R.
The change Δ in the total potential energy due to displacements u(R) is

Δ =
1
2

∑

R

(∂2V/∂R2)(δR)2,

where δR2 = [R · (u(R) − u(0)) /R]2 =
{
R2

x (ux(R) − ux(0))2 +R2
y (uy(R)

−uy(0))2 +RxRy (ux(R) − ux(0)) (uy(R) − uy(0)) +RyRx (uy(R) − uy(0))
(ux(R) − ux(0))} /R2 assuming displacements in the x, y plane. It follows
that the spring constants κij(R) = −Dij(R) are proportional to RiRj :
Dij(R) = −ARiRj . Substituting in (9.63) we have

c12 ≡ cxxyy =
−1

8Vpc

∑

R

[RxDxyRy +RxDxyRy +RxDxyRy +RxDxyRy]

=
A

2Vpc

∑

R

R2
xR

2
y.

Similarly

c44 ≡ cxyxy = − 1
8Vpc

∑

R

[RxDyyRx +RyDxyRx +RxDyxRy +RyDxxRy]

= A
8Vpc

∑

R

[R2
xR

2
y +R2

yR
2
x +R2

xR
2
y +R2

yR
2
x] = A

2Vpc

∑

R

R2
xR

2
y = c12.

(For a more general treatment of Cauchy’s relations see the book by Born and
Huang [AW64], p. 136).

Problem 9.13s

The force, F i exercised on the atom 0 at the center by the spring i (i =
1, . . . 8) is the product of the unit vector n i = cos θii +sin θij in the direction
of the spring i, times the elongation of the spring i along the direction n i,
n i · (u i − u0), times the spring constant:

F i = κin i · (u i −uo)n i = κi[cos θi(uix − u0x)+ sin θi(uiy − u0y)][cos θii +
sin θij ];κi = κ, if i odd, κi = κ′, if i even.



800 Solutions of Selected Problems and Answers

Newton’s equation for the � component (� = x, y) of the displacement
u0 is

−mω2u0x = κ(u1x − u0x) +
1
2
κ′(u2x − u0x + u2y − u0y)

+
1
2
κ′(u4x − u0x − u4y + u0y) + κ(u5x − u0x)

+
1
2
κ′(u6x − u0x + u6y − u0y) +

1
2
κ′(u8x − u0x − u8y + u0y),

(1)

where cos2 θi = 1/2 and cos θi · sin θi = ±1/2, for even i; there is an equation
similar to (1) for the u0y component.

Employing Bloch theorem, u i = u0 exp(ik · Ri), and the following rela-
tions:

k ·R1 = kxa, k · R2 = kxa+ kya, k ·R3 = kya, k ·R4 = −kxa+ kya,

k ·R5 = −kxa, k ·R6 = −kxa− kya, k ·R7 = −kya,

and k ·R8 = kxa− kya,
(2)

we obtain from (1), by setting ω2
0 = κ/m and ω′2

0 = κ′/m:
[
ω2 − 2ω2

0 (1 − cos kxa) − ω′2
0 (2 − cos (kxa+ kya) − cos (kxa− kya))

]
uox

+ω′2
0 [cos (kxa+ kya) − cos (kxa− kya)]uoy = 0.

(3)
Similarly, for the y-component we have

ω′2
0 [cos (kya+ kxa) − cos (kya− kxa)]u0x

+
[
ω2−2ω2

0 (1− cos kya)−ω′2
0 (2− cos (kya+ kxa)− cos (kya−kxa))

]
u0y = 0.

(4)
Setting the determinant of (3) and (4) equal to zero we obtain a quadratic
equation for ω2, the solutions of which give the two eigenfrequencies. Plot
with the help of the computer the eigenfrequencies vs. k as k follows the line
segments, ΓX, XM, MΓ . Plot also the contours ω = ω1(k ) and ω = ω2(k)
for various values of ω. Notice that, for k along ΓX, (3) and (4) decouple and
the solutions are either pure longitudinal or pure transverse. Along ΓM also
the solutions are pure LA or pure TA. The sound velocities for k along ΓX or
along ΓM are:

cl = a
√
ω2

0 + ω′2
0 , ct = aω′

0 and cl = a
√

1
2ω

2
0 + 2ω′2

0 , ct = aω0/
√

2
respectively.

Problem 9.16s

We have shown that 2W =
〈
(k · u)2

〉
=
〈
k2u2 cos2 θ

〉
= 1

3k
2
〈
u2
〉
; we took

into account that k is constant and that the average of cos2 θ over all solid
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angles is 1/3. But twice the potential energy 1
2κ
〈
u2
〉

is equal to the total
vibrational energy ε per atom. Hence, 2W = 1

3k
2
〈
u2
〉

= 1
3k

2ε/κ; but ω2
D

= c1κ/M , where c1 is a numerical constant of the order of one and M is the
mass of each atom. Thus

2W =
c1
3

1
ωD

2M
k2ε. (1)

For low temperatures T � ΘD, ε = (9/8)�ωD, while for T>
∼

ΘD, ε = 3kBT .
Hence

2W =
3c1
8

�
2k2/M

�ωD
, T � ΘD, (2)

2W = c1
k2kBT

ω2
DM

= c1
�

2k2/M

�ωD

T

ΘD
, T � ΘD. (3)

The exact asymptotic expressions for the Debye model are obtained by setting
c1 = 2 in (2) and c1 = 3 in (3).

Chapter 10

Problem 10.2s

We change the integration to summation over the k ′s of the 1st BZ, according
to (B.19); then we use the identity (x + is)−1 → P (x−1) − iπδ(x), as s →
0+.Thus, we end up with ρn(E) =

∑
k δ(E − En(k )), which is valid by the

definition of ρn(E).

Problem 10.4s

The full answer can be found in the book by E. N. Economou [DSL153],
pp.422–425.

Problem 10.5s

According to (10.42) m∗
c is proportional to |∂A (E, kz) /∂E| where A is the

area enclosed by the curve resulting from the intersection of the constant
energy surface E = 1

2

∑
ij γijqiqj + ε0 and the plane qz = 0, where q = k−k0;

the tensor γij is related to the mass tensor as follows: γij = �
2(M−1)ij . The

equation of the closed curve, 1
2γxxq

2
x + 1

2γyyq
2
y + γxyqxqy = E − εo, can be

brought to a diagonal form 1
2 γ̃xxq̃

2
x + 1

2 γ̃yy q̃
2
y = E − εo + c by a rotation plus

translation transformation; c is a constant. This is the equation of an ellipse
with semiaxes a2 = 2|E−εo +c|/γ̃xx and b2 = 2 |E − εo + c| /γ̃yy; its enclosed
area is A = πab = 2π|E − εo + c|/√γ̃zz γ̃yy and |∂A/∂E| = 2π/

√
γ̃xxγ̃yy.

The rotation preserves the determinant so that γ̃xxγ̃yy = γxxγyy − γ2
xy; but,
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because γM = �
2, we have that γxxγyy − γ2

xy = �
4Mz z/ det |Mij |. hence,

m∗
c = (�2/2π) |∂A / ∂E| = |det(M)/Mz z|1/2.

Chapter 11

Problem 11.3s

See the book by S. Flügge [Q26], problem 81, pp. 210–213.

Problem 11.5s

Equation (11.75), by employing the identity ∇′ · (f1(r ′)∇′f2(r ′)) = f1(r ′)
∇′2f2(r ′) + ∇′f1(r ′) · ∇′f2(r ′) and the equations (11.43) and (11.16), turns
out to be identical to (11.47). From (11.75) we have by employing Gauss
theorem

∫
dS ′Go(r − r ′) · ∇′ψ(r ′) =

∫
dS ′ψ(r ′) · ∇′G0(r − r ′), (1)

where dS ′ is the infinitesimal element of the area of the sphere |r ′| = r0
pointing along the direction r ′. Setting: r = ρ, θ, φ, r ′ = ρ′, θ′, φ′, and ρ =
ρ′ = r0, we have dS ′ ·∇′ψ(r ′) = r20dΩ′(∂ψ(r ′)/∂ρ′) and dS ′ ·∇′G0(r − r ′) =
r2odΩ′(∂G(r−r ′)/∂ρ′); substituting in (1), (11.49) follows (with the renaming
ρ′, θ′, φ′, dΩ′ ↔ ρ, θ, φ, dΩ).

Problem 11.9s

The interaction energy, Uie =
∫
Vi (r )n(r)d3r, in view of (11.77) and (11.78)

can be written as follows

Uie =
1
V

∑

q ,k

Vi qnk

∫
ei(q+k)·rd3r =

∑

q

Vi qn−q = −1
e

∑

q

Vi qρ−q , (1)

since the integral is equal to V δ−q,k . The ionic potential Vi(r) can be written
as follows: Vi(r) = (−e/4πε0)

∫
d3r′ρi(r ′)/ |r − r ′|. Writing both ρi(r ′) and

|r − r′|−1 in terms of their Fourier transforms, ρi(r ′) = 1√
V

∑

q
ρiq exp(iq · r ′)

and |r − r ′|−1 = 1
V

∑

k

4π
k2 exp (ik · (r − r ′)), we obtain

Vi(r ) = − 4πe
4πε0

√
V

∑

q

(ρiq/q
2)eiq ·r . (2)

Comparing (11.77) and (2), we find that Viq = −4πeρi q/4πε0q2; substituting
this expression for Viq in (11.78), (11.79) follows.
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Chapter 12

Problem 12.5s

The potential energy Vi(d′), which is the quantity in brackets in (12.23), can
be written as follows by taking into account (12.21), (12.18), and the identity

d′−1 ≡ (2/πd′)
∞∫

0

dk(sin kd′)/k

Vi (d) = − 2e2ζ2

4πε0πd′

∞∫

0

dk sin kd′
[

(cos2 krc)f̃(k) − 1
k

]

. (1)

In arriving at (1) we have set 1 − ε−1 ≡ f̃ and we have used the empty-core
pseudopotential given by (11.4). The integrand in (1) is an even function; so
we can extend the integration from −∞ to +∞ by dividing by two. Next we
write: sinkd′ = [exp(ikd′) − exp(−ikd′)] /2i; in the integral over exp(−ikd′)
we change variables from k to −k, and this integral becomes identical to the
one involving exp(ikd′). Thus the end result is

Vi(d′) = − e2ζ2

4πε0iπd′

∞∫

−∞
dkeikd′

[
cos2 krcf̃(k) − 1

k

]

. (2)

If we choose the Thomas–Fermi expression for ε(k) we have that f̃(k) =
k2
TF/(k

2 + k2
TF); then the integral in (2) can be calculated by closing the

integration path with an infinite semicircle in the upper complex plane (which
gives no contribution for d′ > 2rc) and by employing the residue theorem at
the pole k = ikTF (the k = 0 is not a pole because cos2 krcf̃(k) = 1 +
O(k2) as k → 0). The residue is − 1

2 exp(−kTFd
′) cosh2 kTFrc and, thus,

(12.25) is obtained.
In the case where the RPA dielectric function is used we perform first two

successive integrations by parts in (1) by setting sin kd′=−(1/d′)d(cos kd′)/dk
and cos kd′=(1/d′)d(sin kd′)/dk, so that the RPA singularity at k = 2kF would
give rise to two poles at k = ±2kF; then we do the same transformations which
took us from (1) to (2). We have at the end the following result:

Vi(d′) =
1

4πε0
e2ζ2

iπd′3

∞∫

−∞
dkeikd′ d2

dk2

[
cos2 krcf̃(k) − 1

k

]

. (3)

The quantity f̃ ≡ 1 − ε−1, given the expression ε = 1 + (kTF/k
2)f , becomes

f̃ = k2
TFf

k2+k2
TFf

, where f is given by (D.28). The most singular part of the
integrand in (3), for real k, is due to the second derivative of f . Thus, for
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k2 � (2kF)2, we have

d2

dk2

[
cos2 krcf̃(k) − 1

k

]

� cos2 2kFrc
2kF

1
ε2(2kF)

1
πaBkF

1
2(2kF)

[
1

k − 2kF
+

1
k + 2kF

]
. (4)

In arriving at (4) we use the relation, k2
TF = 4kF/πaB. Substituting (4) in (3)

and performing the integration by the residue theorem we find

Vi(d′) =
e2ζ2

4πε0
cos 2kFd

′

d′3
cos2 2kFrc

(2kF)2
1

ε2(2kF)
1

πaBkF
. (5)

Replacing cos2 2kFrc from the relation, υ̃iA(2kF) = −4πζe2na cos 2kFrc/4πε0
(2kF)2, taking into account that na = k3

F/3π
2ζ and υ̃ = υi/ε, we obtain finally

(12.24).

Chapter 13

Problem 13.2ts

To solve the system
∣
∣
∣
∣∣
∣
∣
∣
∣

E − E(0) V · · · V

V E − E(0) · · · V
...

...
...

V V · · · E − E(0)

∣
∣
∣
∣∣
∣
∣
∣
∣

∣
∣
∣
∣∣
∣
∣
∣
∣

c1
c2
...
cN

∣
∣
∣
∣∣
∣
∣
∣
∣

= 0, (1)

we try solutions of the form cn = co exp(iφn) with cN+1 = c1, so that φ =
(2π/N)�, � = 1, 2, . . . , N . The solution corresponding to � = N is c1 = c2 =
. . . = cN with eigenenergy E = E(0) − (N − 1)V . For all other solutions we
have

V eiφ + V e2iφ + . . .+ (E − E(0))ein0φ + . . .+ V eiNφ = 0. (2)

We add and subtract the quantity V exp(iφn0) so that (2) becomes

(E − E(0) − V )eiφn0 + V
∑N

n=1
eiφn. (3)

But the sum is equal to exp(iφ)
[
eiNφ − 1

]
/
[
eiφ − 1

]
= 0. Thus the other

N − 1 eigensolutions are all degenerate corresponding to the eigenenergy

E = E(0) + V.
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Problem 13.6ts

Let x′ be the axis joining the misaligned atoms 0 and 1. The axis x′ makes
an angle θ with the original axis x joining the atoms 0 and 1 when they were
aligned. The hybrid orbital χ1

0 = 1
2 (|s〉o+

√
3 |px〉o ) for atom 0 is written in the

new axes x′ and y′ χ1
0 = 1

2

[|s〉o +
√

3 cos θ |px′〉o −√
3 sin θ

∣
∣py′〉o

]
. Simi-

larly the hybrid for atom 1 is χ1̄
1 = 1

2

[|s〉1 −
√

3 cos θ |px′〉1 ) +
√

3 sin θ
∣
∣py′〉1

]
.

Thus the matrix element
〈
χ1

0

∣
∣
∣Ĥ
∣
∣
∣χ1̄

1

〉
is equal to

1
4

[
Vssσ − 2

√
3 cos θ Vspσ − 3 cos2 θ Vppσ − 3 sin2 θ Vppπ

]
, (4)

vs.
1
4

[
Vssσ − 2

√
3Vspσ − 3Vppσ

]
, for V2h. (5)

Taking into account that for small θ, cos θ � 1 − θ2/2, sin2 θ = 1 − cos2 θ =
θ2, we have for the difference (5) − (4) = θ 2

4

[−√
3Vspσ − 3Vppσ + 3Vppπ

]
=

−2.75 �
2

md2 θ
2. Thus (5)−(4)

V2h
= 2.75

3.22 θ
2 = 0.85 θ2.

Problem 13.7ts

The energy per bond Δ divided by the volume per bond V0 = a3/16 is related
to the bulk modulus B as follows Δ/V0 = 1

2B(δV/V0)2 but δV/V0 = 3δd/d0

so that Δ/V0 = 9
2B(δd/d0)2 or Δ = 1

2
9Ba3

16 (δd/d0)2. Comparing with (13.26)
we obtain (13.27). For a derivation of (13.28) see Harrison [SS76], p. 195, and
for a derivation of (13.29) see Harrison [SS76], p. 197–200.

Chapter 14

Problem 14.1ts

The zero point energy per atom must depend on � (due to its quantum
nature), on the mass ma (since it is due to vibrations of atoms), and on
σ and ε, which are the two parameters characterizing the interaction energy.
The mass must enter as a factor m−1/2

a because of the vibrational character of
the phenomenon. Out of the three quantities �, σ, ε the only combination to
produce mass is the following: �

2/εσ2. Hence, U (0)
i /Na = c1ε

√
�2/εσ2ma =

c1(�/σ)
√
ε/ma.

Problem 14.2s

The Debye temperature ΘD is given by (14.10) and the zero point motion by
(14.11). We need the value of f which depends on the ratio x = μs/B (see
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(4.67)). For x = 0.32, 0.445, and 0.49, f = 0.636, 0.745, and 0.78 respectively.
We expect the smaller values of f to be associated with the lighter noble gas
atoms and the larger ones with the heavier. We chose f as shown in the table
below:

ΘD, ΘD, U
(0)
i /Na Uc/Na, Uc/Na exp

f theory exp theory (meV) theory (meV) (meV)

Ne 0.6 68 75 6.6 20.4 20
Ar 0.7 83 92 8.0 81 80
Kr 0.75 66 72 6.4 114.6 116
Xe 0.8 62 64 6 166 170

Problem 14.5s

In Fig. 14.4, we plot schematically the phase diagram in the P , T plane.
For noble gases the difference between B.P. and F.P. (under normal pres-

sure) is very small (between 2.5 K and 4 K). Hence, taking into account the
freezing temperatures and Fig. 14.4, we expect the triple point temperatures
to be approximately 24.5 K, 83.8 K, 115.8 K and 161.4 K, for Ne, Ar, Ar, Kr,
and Xe respectively (experimental values 24.5561, 83.8058, 115.8, 161.4); the
triple point pressure is expected to be lower than the normal pressure of
100 kPa (experimental values 50 kPa, 68.95 kPa, 72.92 kPa, 81.59 kPa for Ne,

Fig. 14.4. Schematic phase diagram for a typical substance. T.P. is the triple point
where the three phases (solid, liquid, gas) coexist. C.P. is the critical point where the
liquid/gas coexistence line terminates. The solid/liquid coexistence curve is almost
vertical. The freezing point (F.P.) and the boiling point (B.P.) under normal pressure
are also shown.
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Ar, Kr, and Xe respectively). Can you obtain the slope of the liquid/gas
coexistence line as to estimate how much below the normal pressure the triple
point pressure is?

Chapter 15

Problem 15.2s

We classify the 17 orbitals (or combination of orbitals) into columns of simi-
larly behaving ones under rotation around the z-axis as shown below (see also
Fig. 15.12)

d { d3z2−r2 dzx dzy dxy dx2−y2

p

⎧
⎨

⎩

p3z p1x p1y
1√
2
(p1z + p2z) p2x p2y

1√
2
(p1z − p2z)

p3x p3y

.

s

{
s3
1√
2
(s1 + s2)

1√
2
(s1 − s2)

(1)

The advantage of this classification is that any matrix element of the Hamil-
tonian between orbitals belonging to different columns is zero. Notice also
that the combinations (1/

√
2)(s1 ± s2) and (1/

√
2)(p1z ± p2z), obey Bloch’s

theorem in spite of 1 and 2 being non Bravais lattice points; the reason is that
exp[ik · (R+d1)] = exp[ik · (R+d2)] == exp(ik ·R) as a result of our choice
for k to be along the z-direction.

Let us proceed with the calculation of a few representative matrix elements
of the form

∑
R exp(ik ·Rn)

〈
0, a
∣
∣∣Ĥ
∣
∣∣Rn, β

〉
. As an example, consider the

case where |α〉 = d3z2−r2 and |β〉 = (s1 + s2)/
√

2. The only non-zero matrix
elements

〈
0, α
∣
∣∣Ĥ
∣
∣∣Rn, β

〉
in this case are for Rn = 0 and for Rn = −a(x 0 +

y0) (the last one corresponds to (s1′ +s2′)/
√

2), where 1′ and 2′ are symmetric
of 1 and 2 with respect to the origin. If we call Vsd the matrix element,〈
s
∣
∣
∣Ĥ
∣
∣
∣ d3z2−r2

〉
, we have

∑

R
exp(ik ·Rn)

〈
0, d3z2−r2

∣
∣∣Ĥ
∣
∣∣Rn, (s1 + s2)/

√
2
〉

= (2/
√

2)[Vsd + Vsd]

= (4/
√

2)Vsd.

Next we must express Vsd in terms of the first matrix element shown in
Fig. 15.9. This can be achieved by the so called Slater–Koster relations1which
are the analogs of F.7 to F.10 for d orbitals; these relations express matrix

1 J.C. Slater and G.F. Koster, Phys. Rev. 94, 1498 (1954). The Slater-Koster rela-
tions are reproduced in the book by Harrison [SS76], p. 481 and the book by
Papaconstantopoulos [SS81].
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elements of the form
〈
α
∣
∣
∣Ĥ
∣
∣
∣ β
〉

involving at least one d orbital in terms of
those in Fig. 15.9 and the direction cosines �, m, n of the vector going from
the center of |α〉 to the center of |β〉 . In the present case Vsd = − 1

2Vsdσ =
(3.16/2)�2r

3/2
d /md7/2 = 0.0479. Thus

(
4/

√
2
)
Vsd = 0.136 a.u. = 3.69 eV.

(rd = 1.08 A for T i and dTiO = 1.95 A).
As another example consider the case |α〉 = d3z2−r2 and |β〉 = p3z . Then

∑
R

〈
0, d3z2−r2

∣
∣
∣Ĥ
∣
∣
∣R, p3z

〉
= V +

dp + V −
dpe

−ik ·R = e−ikd(V +
dpeikd + V −

dpe−ikd) =

e−ikdV +
dp(e

ikd−e−ikd) = −e−ikd2iVpdσ sin kdwhere k = 0, 0, k, R = −a(0, 0, 1),
kd = ka/2, d = dTi−O. We can get rid of the factor exp(−ikd) by redefining
the corresponding coefficient, c3pz . Continuing this way we obtain the 5 × 5
Hamiltonian for each k = (0, 0, k) corresponding to the first column in (1)

d3z2−r2 p3z
1√
2
(p1z + p2z) s3

1√
2
(s1 + s2)

d3z2−r2 εd −2iVpdσ sin kd 0 2Vpdσ cos kd −√
2Vsdσ

p3z 2iVpdσ sin kd εp 2
√

2Ex,x cos kd 0 0

1√
2
(p1z + p2z) 0 2

√
2Ex,x cos kd εp 0 0

s3 2Vpdσ cos kd 0 0 εs 0

1√
2
(s1 + s2) −√

2Vsdσ 0 0 0 εs

, (2)

where Ex,x = (Vppσ + Vppπ)/2, taken as 0.153 eV. (These atoms are second
nearest neighbors).
The 4×4 Hamiltonian corresponding to the second column of (1) is (the third
column is the same)

dzx p1x p2x p3x

dzx εd 0 0 −2iVpdπ sin kd
p1x 0 εp 4Ex,x 4Ex,x cos kd
p2x 0 4Ex,x εp 0
p3x 2iVpdπ sin kd 4Ex,x cos kd 0 εp

. (3)

Finally the 3× 3 Hamiltonian matrix corresponding to the last column in (1)
is

dx2−y2
1√
2
(p1z − p2z) 1√

2
(s1 − s2)

dx2−y2 εd 0
√

6Vsdσ
1√
2
(p1z − p2z) 0 εp 0

1√
2
(s1 − s2)

√
6Vsdσ 0 εs

. (4)

The matrix (4) is independent of k and can by diagonalized analytically
yielding
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E1 = εp

E2,3 =
1
2
(εs + εd) ±

√
1
4
(εs − εd)2 + 6V 2

sdσ.

The one element fourth column gives, obviously

E4 = εd.

The 4 × 4 shown in (3) can be diagonalized analytically at k = 0 and at
k = π/a yielding

E5,6(0) = εd, E5,6(π/a) = 1
2 (εd + εp) +

[
1
4 (εd − εp)2 + 4V 2

pdπ

]1/2

,

E7,8(0) = εp, E7,8(π/a) = 1
2 (εd + εp) −

[
1
4 (εd − εp)2 + 4V 2

pdπ

]1/2

,

E9,10(0) = εp + 4
√

2Ex,x, E9,10(π/a) = εp + 4Ex,x,

E11,12(0) = εp − 4
√

2Ex,x. E11,12(π/a) = εp − 4Ex,x.

Finally the 5 × 5 shown in (2) yields at k = 0

E13(0) = εs,

E14(0) = εp + 4
√

2Ex,x,

E15(0) = εp − 4
√

2Ex,x,

E16(0) = 1
2 (εd + εs) +

[
1
4 (εd − εs)2 + 6V 2

sdσ

]1/2
,

E17(0) = 1
2 (εd + εs) −

[
1
4 (εd − εs)2 + 6Vsdσ

]1/2
.

The reader may attempt to diagonalize the 5× 5 Hamiltonian matrix also for
k = π/a.

Chapter 16

Problem 16.1ts

The system xK ,yK ,K is an orthogonal one. Hence, K = |K |K 0 = |K | (xK×
yK ). Similarly, K ′ =

∣
∣K ′∣∣ (xK ′ × yK ′). K ′ × HK ′ =

∣
∣K ′∣∣ (xK ′ × yK ′) ×

(HK ′x′xK′ +HK ′y′yK ′) =
∣
∣K ′∣∣ (HK ′x′yK ′ −HK ′y′xK ′). By multiplying the

last expression by K× we have.

|K | ∣∣K ′∣∣ (xK × yK ) × (HK ′x′yK ′ −HK ′y′xK ′)

|K | ∣∣K ′∣∣ [yK (xK · yK ′)HK ′x′ − xK (yK · yK ′)HK ′x′

+xK (yK · xK ′)HK ′y′ − yK (xK · xK ′)HK ′y′ ].

(1)
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Substituting (1) in (16.15) and equating the xK coefficients on both sides, we
have

∑

K ′ aK−K
′ |K | ∣∣K ′∣∣ [(yK · yK ′)HK ′x′ − (yK · xK ′)HK ′y′ ] =

ω2

c2
HKx. (2)

Similarly, by equating the yK coefficients, we obtain

∑

K ′ aK−K
′ |K | ∣∣K ′∣∣ [−(xK ·yK ′)HK ′x′ +(xK ·xK ′)HK ′y′ ] =

ω2

c2
HKy. (3)

Equations (2) and (3) can be written in the compact form (16.18) with MKK ′

given by (16.19).

Problem 16.2ts

EK =
1
2
ρ0Srδṙ

2 =
1
2
ρ0Srω

2δr2, EP =
1
2
δPSδr, δP =

Pi

Vi
δVi, δVi = 4πr2δr,

EP =
1
2
Pi

Vi
4πr2δr S δr =

1
2
Bi

ρi

ρi

4π
3 r

3
4πr2S δr2 =

1
2
c2i 3ρi

1
r
S δr2.

Setting EK = EP, we obtain ρ0rω
2 = c2i 3ρi

1
r , or ω2r2

c2
i

= 3ρi

ρ0
.

Problem 16.5ts

From (16.33), we have u = c2

4πω
k
υ (1 + x) E0

2

μ = c2

4πω
k
υ (1 + x) H0

2

ε ;
ω = υ · k = c · k/n,

x = (ω/n)/(∂ω/∂n) and n2 (1 + x) =
1
2

[(
εμ+ ωμ

∂ε

∂ω

)
+
(
εμ+ ωε

∂μ

∂ω

)]
,

u =
1
4π
n2 (1 + x)

E0
2

μ
=
n2

4π
(1 + x)

H0
2

ε
=

1
8π

[(
εμ+ ωμ

∂ε

∂ω

)
E0

2

μ

+
(
εμ+ ωε

∂μ

∂ω

)
H0

2

ε

]

=
1
8π

[
εE0

2 + ω
∂ε

∂ω
E0

2 + μH0
2 + ω

∂μ

∂ω
H0

2

]
=

1
8π

[
∂ (ωε)
∂ω

E2
0 +

∂ (ωμ)
∂ω

H2
0

]
.

Chapter 17

Problem 17.6ts

The power P produced by a photovoltaic is P = (FF )ILV0. The voltage V0

is a fraction of Eg/e: V0 = a1Eg/e, where, usually, a1 � 2/3. The current IL
is proportional to jL given by (17.81). Hence
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P = (FF )a1(Eg/e)a2
e

�

∞∫

Eg/�

dω
I(ω)
ω

,

where a2 < 1 and I(ω) = Aω3/(eβ�ω − 1) with A a known universal
constant. Thus

P = (FF )a1a2
AEg

�4β3

∞∫

βEg

dxx2

ex − 1
, and

Pt =
A

(β�)4

∞∫

0

dxx3

ex − 1
, so that

η = (FF )a1a2(Egβ)
I1
I0

; I1 =

∞∫

βEg

dxx2(ex − 1)−1, and

I0 =
∞∫

0

dxx3(ex − 1)−1 = π4/15. To maximize η with respect to Eg is equiva-

lent to maximize

Γ = y

∞∫

y

dxx2(ex − 1)−1, where y = βEg :

dΓ/dy = 0 ⇒
∞∫

y

dxx2

ex−1 = y3

ey−1 . By plotting both sides we found the solution

to be y = 2.166. Hence, Eg = (5800/11600)2.166 eV = 1.083 eV. For this
value of y, η = (FF )a1a2 × 2.166× 1.316/(π4/15) = (FF )a1a2 × 0.44 <

∼

22%.

This upper limit of about 22% is not unrealistic for optimal Eg, although the
values of the latter are higher than our crude estimate of 1.08 eV and vary
between 1.2 and 1.6eV depending, among other factors, on the shape of the
solar spectrum at the surface of the Earth.

Problem 17.1s

From each point of a diamond lattice, located at the sides Rn of the fcc
lattice, four bonds emerge in the directions (111), (1̄1̄1), (11̄1̄) and (1̄11̄).
Hence, a plane normal to the direction (111) will cut a minimum of one
bond per lattice point of the 2-D hexagonal lattice shown in Fig. 17.8.
Hence, the minimum number of bonds cut by (111) planes per unit area is
1/(

√
3a2/4) = 4/

√
3a2 and the corresponding energy cost for creating such a

surface is (Ec/2)(4/
√

3a2) = 2Ec/
√

3a2 =
√

3Ec/8d2 per unit area, where Ec

is the cohesive energy per atom.
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For the direction (100) two bonds, the (111) and the (11̄1̄) have positive
dot product with the vector (100), while the other two, the (1̄1̄1) and the (1̄11̄)
have negative. Hence, two bonds are on the one side of the lattice plane (100)
and the other two on the other side. It follows that the minimum number of
bonds that the (100) plane will cut, will be two per lattice point of the square
lattice shown in Fig. 17.8. Hence, the bonds cut per unit area is 2/(a2/2) =
4/a2 and the surface energy (per unit area) is 2Ec/a

2 = 3Ec/8d2. Thus the
ratio of the two surface energies E100/E111 =

√
3.

For the direction (1, 1, 0) the dot products with the vectors (111), (1̄1̄1),
(11̄1̄) and (1̄11̄) are 2, −2, 0, 0, which means that two bonds are on the
lattice plane (110) and the other two are on each side of this plane. The fact
that two diamond lattice points, the d1 = (11̄1̄)(a/4) and d2 = (1̄11̄)(a/4),
are on the (110) fcc plane without belonging to the fcc 2D rectangular lattice2

shown in Fig. 17.8, shows that the diamond (110) 2D lattice results from the
rectangular fcc lattice by inserting a two atom basis with one atom located
at the lower left corner of the rectangular lattice shown in Fig. 17.8 and the
other located at the point −(a/4)x0 + (a

√
2/4)y0 relative to the rectangular

lattice. For each of the two atoms in the basis we have to cut one bond, so
that the minimum number of bonds cut for the (110) surface of the diamond
lattice per unit are is 2/(

√
2a2/2) = 2

√
2/a2. Hence, the surface energy per

unit area is
√

2Ec/a
2 = 3

√
2Ec/16d2. The final result is E100 : E110 : E111 =

2 :
√

2 : (2/
√

3).

Problem 17.2s

Let the surface and the volume of a regular octahedron of edge length a be S
and V , where

S = 2
√

3a2,

V =
1
3

√
2a3.

Truncated octahedron: The volume V1 of each of the six pyramids cut off the
octahedron is

V1 =
1
6

√
2b3 ⇒ Vt = V (a) − 6V1 =

1
3

√
2a3 −

√
2b3.

The truncated octahedron surface is decreased by 6 × √
3b2 but is increased

by 6b2. Thus
St = 2

√
3a2 − 6

√
3b2︸ ︷︷ ︸

E111

+ 6b2︸︷︷︸
E100

.

The surface energy for the truncated octahedron is Et = 2
√

3E111

(
a2 − 3b2

)
+

6b2E100.
2 Their difference d1 − d2 = (1, 1, 0)(a/2) belongs to this 2-D rectangular lattice.
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We must minimize Et with respect to b under constant volume:

Vt = const ⇒ dVt/db = 0.

dVt/db = 0 ⇒ √
2a2(da/db) = 3

√
2b2 ⇒ da/db = 3b2/a2. Thus

dEt/db = 0 ⇒ 2
√

3E111

(
2a(3b2/a2) − 6b

)
+ 12bE100 = 0,

2
√

3E111

(
6
b

a
− 6
)

+ 12E100 = 0,
b

a
= 1 − E100√

3E111

. (1)

In arriving at the last equation, it was implicitly assumed that 2b ≤ a (oth-
erwise our formulas for the volume and the surface of truncated octahedron
are invalid). This inequality combined with (1) implies that E100 ≥ √

3E111/2;
actually, as it was argued in problem 17.1s, it is expected that E100 � √

3E111.
If, E100 ≥ √

3E111, then b = 0 and the regular octahedron would have the
lower surface energy; if E100 = (

√
3 − x)E111 with x positive and small,

then b/a = x/
√

3, the surface energy of a truncated octahedron would be
2
√

3E111a
2
(
1 − x3√

3

)
, while the surface energy of a regular octahedron of equal

volume with the truncated one would be 2
√

3E111a
2
(
1 − x3√

3

)2/3

, i.e., higher
than that of the truncated octahedron.

Chapter 18

Problem 18.9ts

We write x ≡ (εn−Σ)go and we have εn(1−x)−1 = εn(1+x+x2+x3+. . . ) =
εn +ε2ng0−g0εnΣ+ε3ng

2
0 −2ε2ng

2
0Σ+g2

0εnΣ2 +εng
3
0(ε

3
n−3ε2nΣ+3εnΣ2−Σ3)+

O(w6). The odd powers of εn would give zero contributions to the integral
(18.74). Keeping terms up to 4th order in w and performing the integrations
shown in (18.74) we have

Σ = w2g0 − 2w2g2
0Σ + μ4g

3
0 + O(w6) = w2g0 − (2w4 − μ4)g3

0 + O(w6).

Problem 18.11ts

Figure 18.13 shows that, for D ≤ 2, β is negative. Hence, dG/dL is negative
and, as a result, as L → ∞, G → 0. In this case, strictly speaking a truly
metallic behavior is not possible. On the other hand for D > 2 and G > Gc

a truly metallic behavior is realized. A metallic behavior is definitely possible
for D = 2 in the presence of magnetic forces.

Problem 18.12ts

Taking into account that β = (L/Q)(dQ/dL) and that Q = �G/e2 =
(�/e2)σLD−2 and substituting in (18.102) we end up with the following simple
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differential equation

dσ

dL
= − ΓD

LD−1
,ΓD = ADe

2/�,

which gives
σ = σ0 + ΓD

D−2L
2−D, D �= 2,

σ = σ0 − Γ2 ln L
Le
, D = 2.

Problem 18.1s

To prove the relation, s = −kB[p ln p+(1−p) ln(1−p)], where p = pAB +pBA

and 1−p = pAA+pBB, we have to show first that the probability p of a bond to
be AB or BA is independent of what is happening in a nearest neighbor bond.
This is indeed the case, if x = 0.5. To show this, consider three consecutive
sites 1, 2, 3 and check whether the probability for the bond 2, 3 to be AB
or BA depends on what is happening in the bond 1, 2. If the latter is AA,
BB, AB or BA the probability for the bond 2, 3 to be either AB or BA is
respectively pB/A = p, pA/B = p, pA/B = p, pB/A = p. Having established
that the bonds are statistically independent we can use (C.30) with PI taking
two values: p and 1− p. To obtain the equilibrium value of p we minimize the
free energy f ≡ 〈ε〉−Ts = 1

2 [(1−p)(UAA+UBB)/N ]+ 1
2 [p(UAB+UBA)/N ]−Ts.

Thus ∂f/∂p = u+ kBT [ln p− ln(1 − p)] =0 ⇒ p = (eβu + 1)−1;β = 1/kBT .

Problem 18.4s

We have to calculate the integral, g0(E) = 2
πB2

∫ B

−B
dE′(B2−E′2)1/2

E−E′ . Change
variables to E′ = B sin θ ⇒ dE′ = B cos θdθ, (B2 − E′2)1/2 = B(1 −
sin2 θ)1/2 = B cos θ; E ≡ Bz. Thus g0(E) = 2

πB

∫ π/2

−π/2
dθ cos2 θ
z−sin θ = 1

πB∫ π

−π
dθ cos2 θ
z−sin θ . Setting w = exp(iθ) we have dw = iwdθ and g0(E) = 1

2πB∫
c0

dw(w+w−1)2

2iw(z− 1
2i (w−w−1)) = 1

2πB

∫
c0

dw(w+w−1)2

2izw−w2+1 , where the contour c0 of integra-

tion is along the unit circle in the complex w plane, as shown in Fig. 18.16
below. However, in order to apply the residue theorem, we have to avoid the
singularity at w = 0 by following the contour c0 +c1 +c2+c3, i.e., the contour
c0 + c2 (since the contributions of c1 and c3 cancel each other) (Fig. 18.16).
Hence,

g0 =
−1
2πB

∫

c0+c2

dw(w + w−1)2

(w − w1)(w − w2)
− 1

2πB

∫

c2

dw(w+w−1)2(1−2izw+O(w2)),

(1)

where w1, w2 are the roots of w2 − 2izw − 1 = 0, w1,2 = iz ± √
1 − z2

with |w1| < 1. The first term in the rhs of (1) by residue theorem and in
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Fig. 18.16. The contour of integration (a) encloses the singular point w = 0, while
that in (b) does not

view of w1w2 = −1 gives −(2πi/2πB)(w1 − w2) = −(2/B)i
√

1 − z2. In the
second term the only non-zero contribution, as the radius of c2 tends to zero,
comes from the product (−2izw)w−2 = −2izw−1 in the integrand. Setting
w = ρ exp(iθ), dw = iwdθ we obtain − 2z

2πB

∫ −π

π
dθ = 2z/B. Thus, finally

g0 = 2
B (z − i

√
1 − z2) = − 2i

Bw1 = 2
B

1
z+i

√
1−z2 = 2

E+i
√

B2−E2 .

Chapter19

Problem 19.1ts

From (14.12), lnσ = ln 4.64− 0.6 ln(IP ) = ln 4.64− 0.6 ln(3/27.2) = 2.857 ⇒
σ = 17.418 a.u. = 9.21 A; d = 1.09σ = 10.043 vs. 10.013 A experimen-
tally; a =

√
2d = 14.203 A. ã = 4(3.4125/0.527)2/(3/27.2) = 1509 a.u. =

223.4 A3; ε = 0.4α̃2(IP )/σ6 = 0.4(223.4)23/(9.2138)6 = 0.0979 eV. E′
i/N =

−8.61ε = 0.8424 eV/molecule. Λ = �/σ
√
maε = 8.35 × 10−4;U (0)

i /N =
37.46fΛε = 37.46×0.6×8.35×10−4×0.979 eV = 1.83 meV. Uc/N = (E′

i/N)−
(U (0)

i /N) = 0.8427 eV − 1.83 meV � 0.84 eV, vs. 0.4 eV experimentally.

Problem 19.2ts

Uc/M3C60 � ∣∣3(IP)M − 3(EA)F − (3e2α/4πε0d′)
∣
∣ , where d′ = (2d′tetr.+d

′
oct.) /

3 =
[
(2
√

3a/4) + (a/2)
]
/3 = 6.46 A = 12.2 a.u. Uc/M3C60 � 6.46 eV.

Problem 19.8ts

Because the wave functions Ψ3/2(r) and Ψ1/2(r) are even in x, y and z, the

matrix elements
〈
Ψ	 (r)

∣
∣
∣ ∂
∂xi

∂
∂xj

∣
∣
∣Ψm (r)

〉
= 0 for i �= j, where i, j = 1, 2, 3

and l,m = 3
2 ,

1
2 . Hence,

〈Ψ	 (r) |S|Ψm (r) = 0; l,m =
3
2
,

1
2
. (19.39)
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For the same reason the corresponding matrix element of the imaginary of R
is zero; furthermore, because of symmetry,

〈Ψ	 (r) |R|Ψ	 (r)〉 = 0, l,m =
3
2
,

1
2
. (19.40)

Thus the only matrix element which is non-zero is the following

R̃ ≡ 〈Ψ1/2 (r) |R|Ψ3/2 (r)
〉

= −
√

3�
2

2m
γ2

〈
Ψ1/2 (r)

∣∣(k2
x − k2

y

)∣∣Ψ3/2 (r)
〉
.

(19.41)

Problem 19.1s

The eigenfunctions of a particle moving within a spherical potential well of
radius a with infinite walls are of the form Ajl(kr)Ylm(θ, ϕ), with ka coin-
ciding with the roots ρnl of the spherical Bessel functions jl:knla = ρnl;
the ordering of knla is the same as that of the corresponding eigenenergies
εnl = �

2k2
nl/2m. The results for knla are (see [D4]): 3.14, 4.49, 5.76, 6.28,

6.98, 7.72, 8.18, 9.09, 9.35, 9.42 for 1s, 1p, 1d, 2s, 1f, 2p, 1g, 2d, 1h, 3s respec-
tively. This ordering coincides with the one given in Section 19.2 with the
single exception of the 3s being lower than 1h.

Problem 19.2s

The ky coordinate of the point P ′ (which is equal to ΓP + G, where
P is the point at which the gap closes in graphene) is ±1/3 in units of
2π/

√
3d. The allowed values of ky for the zig-zag case are �′/n (in units

of 2π/
√

3d). Hence, the minimum value of δky = min
∣
∣
∣ 13 − 	′

n

∣
∣
∣
(

2π√
3d

)
. For

n = 4, δky = (1/12)(2π/
√

3d); for n = 7, δky = (1/21)(2π/
√

3d). The
gap according to (11.68) is estimated to be Eg � 3 |V d| δky = 3 × 0.63 ×
(�2/md2)(2π/

√
3)(1/12) = 2.15 eV for n = 4 and Eg = 1.23 eV for n = 7.

Actually for n = 7 the gap is 0.2 eV, which shows that the rolling up reduces
significantly the matrix elements of the Hamiltonian. This is to be expected,
since, among other reasons, the rolling up multiplies the nearest neighbor
matrix element Vppπ by cos θ, where θ = 2π/n.

Chapter 20

Problem 20.2ts

See the book by Landau and Lifshitz [E15], pp. 147–150.
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Problem 20.2s

Setting H = 0 and the derivatives ∂g̃/∂Li = 0, i = x, y, ∂g̃/∂Lz = 0 we
obtain

Li(2a+ 4bL2 + b′) = 0, i = x, y,

Lz(2a+ 4bL2) = 0.

If b′ > 0, the easy axis will be in the z−direction, Li = 0 (i = x, y) and

L = (−a/2b)1/2 = (a1/2b)1/2(TN − T )1/2.

If b′ < 0, then Lz = 0 and 2a+ 4bL2 +B = 0 or L = (a1/2b)1/2(TN − T )1/2,
where a1TN = a1T

′
N − B/2, and a = a1(T − T ′

N). Combining the general
thermodynamic relation (20.38) with the derivatives of g̃ with respect to Hi,
i = x, y, z, we obtain

−μ0(H + M ) = 2μ0D(H · L)L + 2μ0D
′L2H

−μ0χpH − μ0γ(Hxi +Hyj ) − μ0H .

Dropping −μ0H from both sides and dividing by −μ0 we end up with (20.39).
For T > TN, for which L = 0, we obtain (20.40) from (20.39) by dividing
by Hx, Hy, Hz. To arrive at (20.41) and (20.42) we assume B > 0, so that
Lz �= 0, Lx = Ly = 0 and we use (20.37). If B < 0, then (H · L) · L =
(HxLx +HyLy)(Lxi + Lyj ).

Problem 20.5s

See the book by Landau and Lifshitz [E15], p. 141–143.

Chapter 21

Problem 21.1s

To the Hamiltonian Ĥ , we add the proton–proton repulsion Ĥpp = e2/4πe0r

so that Ĥt = Ĥ+ Ĥpp = Ĥ1 + Ĥ2 + Ĥee + Ĥ1B + Ĥ2A + Ĥpp = Ĥ1 + Ĥ2 +ΔĤ.

The presence of Ĥpp does not change the value of J , since
〈
Ψ
∣
∣
∣Ĥpp

∣
∣
∣Ψ
〉

is the
same for Ψ = Ψs or Ψ = Ψt. Thus

2J =
D′ + E′

1 + �2
− D′ − E′

1 − �2
, (1)

where D′ = 2EH + ΔD, E′ = 2EH�
2 + ΔE; ΔD is as in (21.8) with ΔĤ

replacing Ĥ , and ΔE is as in (21.9) with ΔĤ replacing Ĥ . Substituting D′,
E′ in (1), we obtain

2J =
ΔD + ΔE

1 + �2
− ΔD − ΔE

1 − �2
. (2)
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All the quantities entering (2) are of the order exp(−2r/aB) for large r so that
2J = (ΔD + ΔE)(1 − �2) − (ΔD − ΔE)(1 + �2) = 2ΔE + O(exp(−4r/aB)),
which coincides with (21.11), (21.12).

Problem 21.5s

We will present the general method of canonical transformation for han-
dling situations where Ĥ = Ĥ0 + Ĥ1 and Ĥ1 is a small perturbation to the
Hamiltonian Ĥ0. The transformation to a new equivalent Hamiltonian ˆ̃H will
be implemented by a unitary transformation exp(−Ŝ) such that ˆ̃H will not
include terms of first order in Ĥ1.

ˆ̃H = e−ŜĤ eŜ . (1)

By expanding exp(−Ŝ) and exp(Ŝ) in power series, we have ˆ̃H = Ĥ+[Ĥ, Ŝ]+
1
2

[
[Ĥ, Ŝ], Ŝ

]
+ . . . = Ĥ0 + Ĥ1 + [Ĥ0, Ŝ] + [Ĥ1, Ŝ] + . . .. If we chose Ŝ so that

Ĥ1 + [Ĥ0, Ŝ] = 0 we have

Ĥ1 = −Ĥ0Ŝ + Ŝ Ĥ0, (2)
Ŝ = Ĥ−1

0 Ŝ Ĥ0 − Ĥ−1
0 Ĥ1, (3)

ˆ̃H = Ĥ0 +
1
2

[
Ĥ1, Ŝ

]
+O

(
Ĥ3

1

)
. (4)

For the Hubbard case and for U � |V2| we have Ĥ0 = UΣin̂i↑n̂i↓ and
Ĥ1 = V2ΣiΣ

′
jΣσ | iσ〉 〈 jσ| . Let us symbolize by Ψn, Ψm, . . . the states (not

eigenstates) of the Hubbard Hamiltonian where every site is singly occupied.
For such states

Ĥ0Ψn = Ĥ0Ψm = . . . = 0. (5)

From (2), (4) and (5) we have
〈
Ψm

∣
∣
∣ ˆ̃H
∣
∣
∣Ψn

〉
=
〈
Ψm

∣
∣
∣Ŝ Ĥ0Ŝ

∣
∣
∣Ψn

〉
, (6)

or, by introducing a complete set Φi of eigenstates of Ho,
〈
Ψm

∣
∣∣ ˆ̃H
∣
∣∣Ψn

〉
= Σi

〈
Ψm

∣
∣∣Ŝ Ĥ0

∣
∣∣Φi

〉〈
Φi

∣
∣∣Ŝ
∣
∣∣Ψn

〉
. (7)

〈
Φi

∣
∣
∣Ŝ
∣
∣
∣Ψn

〉
= −E−1

i

〈
Φi

∣
∣
∣Ĥ1

∣
∣
∣Ψn

〉
, because of (3) and (5),

〈
Ψm

∣
∣
∣Ŝ Ĥ0

∣
∣
∣Φi

〉
=
〈
Ψm

∣
∣
∣Ĥ1

∣
∣
∣Φi

〉
, because of (2) and (5).

The only eigenfunctions Φi for which
〈
Ψm

∣
∣∣Ĥ1

∣
∣∣Φi

〉〈
Φi

∣
∣∣Ĥ1

∣
∣∣Ψn

〉
is non-zero

are the ones where Φi has a site doubly occupied and a nearest neighbor
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empty (because Ĥ1 can only take one electron from one site and transfer it
to a nearest neighbor site). For all those states, Φi, Ei = U . Hence

〈
Ψm

∣
∣
∣ ˆ̃H
∣
∣
∣Ψn

〉
= − 1

U

〈
Ψm

∣
∣
∣Ĥ2

1

∣
∣
∣Ψn

〉

=
〈
Ψm

∣∣
∣2V 2

2
U Σ′

ij(ŝi−ŝj+ + ŝiz ŝjz)
∣∣
∣Ψn

〉
− NaZ

2
V 2
2

U .
(8)

It is not so difficult to justify physically that the expression in the last line is
indeed equivalent to the rhs of the previous line: If the nearest neighbor pair ij
has parallel spins, 〈Ψm|ŝi−ŝj+|Ψn〉 = 0,

〈
Ψm|(2V 2

2 /U)(ŝiz ŝjz + ŝjz ŝiz)|Ψn

〉
=

V 2
2 /U ; thus the last line in (8) is zero and so

〈
Ψm

∣
∣
∣Ĥ2

1

∣
∣
∣Ψn

〉
is. If the pair ij has

antiparallel spins there are two possibilities: (a) |Ψn〉 , |Ψm〉 correspond to no
spin flip, in which case 〈ŝi−ŝj+ + ŝj−ŝi+〉 = 0 and 〈ŝiz ŝjz + ŝjz ŝiz〉 = −δnm/2
so that the total energy per pair is −2V 2

2 /U in agreement with the results
−
〈
Ψm

∣
∣
∣Ĥ2

1

∣
∣
∣Ψn

〉
/U . The factor of 2 in the latter comes because there are

two intermediate states corresponding to double occupation of either in i or
in j. Finally, if ij are antiparallel and there is spin flip, |Ψm〉 �= |Ψn〉 and
〈Ψm |ŝi−ŝj+ + ŝj−ŝi+)|Ψn〉 would be one and the strength of the spin flip

would be 2V 2
2 /U . The same result will be obtained from −

〈
Ψm

∣
∣
∣Ĥ2

1

∣
∣
∣Ψn

〉
/U

(The factor of two because of the two intermediate states and an extra factor
−1 because of the antisymmetry of the electronic wave function). Taking into
account (21.74) and (8) we have:

ˆ̃H =
2V 2

2

U

∑

i�=j

′ŝ i · ŝj − NaZ

2
V 2

2

U
; |V2| /U → 0.

in agreement with (21.63).

Problem 21.7s

From the definition of Ŝi±, (21.70), and the commutation relations (21.69),
eqns. (21.71) and (21.72) follow in a straightforward way. Thus, if Ŝz |Sz〉 =
Sz |Sz〉 , we have (dropping the index i)

ŜzŜ± |Sz〉 =
(
Ŝ±Ŝz ± Ŝ±

)
|Sz〉 = (Sz ± 1)Ŝ± |Sz〉 ; (1)

Equation (1) means that Ŝ± |Sz〉 are eigenstates of Ŝz with eigenvalues, Ŝz±1:

Ŝ± |Sz〉 = A±(S, Sz) |Sz ± 1〉 .
Taking into account that the inner product of Ŝ± |Sz〉 with itself is equal to〈
Sz

∣
∣
∣Ŝ∓Ŝ±

∣
∣
∣Sz

〉
, we have that [A±(Sz)]2 = A∓(Sz ± 1)A±(Sz) or A±(Sz) =

A∓(Sz ± 1) (assuming reality of A±). Furthermore, Ŝ±Ŝ∓ = Ŝ2
x + Ŝ2

y ± Ŝz;

hence, Ŝ
2

= Ŝ±Ŝ∓ + Ŝ2
z ∓ Ŝz. Acting on |Sz〉 by Ŝ

2
we have S(S + 1) |Sz〉 =(

[A∓(Sz)]2 + S2
z ∓ Sz

) |Sz〉 , or [A∓(Sz)]2 = S(S+1)±Sz−S2
z = (S±Sz)(S+

1 ∓ Sz), which coincides with (21.73).
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Chapter 22

Problem 22.1ts

Outside the superconductor B(r) = μ0H (r); hence, since there is no external
current density, ∇× H = 0 ⇒ ∇× B = 0. This last equation is valid in the
interior of the superconductor as well, since B(r ) = 0 there. Hence, B( r)
can be written as

B = −∇φ, (1)

which combined with the equation ∇ ·B = 0 yields

∇2φ = 0. (2)

The continuity of B⊥ at the surface in combination with B = 0 in the interior
of the superconductor implies that

∂φ

∂n
= 0. (3)

At infinity, r → ∞
B (r) → B0. (4)

Equations (1)–(4) uniquely determine B(r). The surface current density
g (r s) at the points rs of the surface is given by (see (A.11) and keep in
mind that M = H = B/μo)

g (rs) =
1
μo

n × B (rs) . (5)

For a spherical superconductor, the most general solution of φindwhich van-
ishes as r → ∞ is the sum

∑∞
	=1 c	Y	 (θ) r−	−1. Only the � = 1 spherical

harmonic has a cos θ dependence identical to that of the φ0 = −B0r cos θ as
to satisfy (3). Hence

φ(r ) = −
(
B0r +

c1
r2

)
cos θ, (6)

where, because of (3), c1 = 1
2B0a

3. From (1), we have

B(r) = Bo −B0

[
θ0

a3

2r3
sin θ + ro

a3

r3
cos θ

]

= B0

[
r0

(
1 − a3

r3

)
cos θ − θo

(
1 +

a3

2r3

)
sin θ

]
,

and, according to (5), the surface current density is

g (r = a, θ, φ) = −3
2
B0

μ0
sin θφo. (7)
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We can calculate the magnetic moment m t induced by the surface charge
density using (A.7)

mt =
1
2

∫
r × g dS = −3

4
B0

μ0

∫
dS sin θ r r0 × φ0 = +

3
4
B0a

μ0∫
a2dφdθ sin θ sin θ θ0 =

3
4
Boa

3

μo
2π
∫

dθ sin2 θ θ0 = − 3π
2
B0a

3

μ0∫
dθ sin2 θ sin θz 0 = − 2πH 0a

3 = −3
2
VH 0. (8)

which could have been obtained from the very beginning by using the general
formula

mt = − VH 0

1 − n(z)
, (9)

where n(z) is the depolarization coefficient along the axis z (Notice that in
general for the principal axes n(x) + n(y) + n(z) = 1 and for a sphere n(x) =
n(y) = n(z) = 1/3).

Problem 22.2s

Differentiating (22.11) with respect to the temperature under constant pres-
sure and omitting the small term ∂Vso/∂T we have the entropy difference

SN − SS = −μ0Vs0Hc∂Hc/∂T, T ≤ Tc, (1)

which shows that for T < Tc, SN > SS , since ∂Hc/∂T is negative; at T = Tc,
SN = SS , since Hc = 0 there. Differentiating once more with respect to T
and then multiplying by T we obtain the difference in the specific heats

CS − CN = μ0Vs0T

(
∂Hc

∂T

)2

+ μ0Vs0T Hc
∂2Hc

∂T 2
, T ≤ Tc. (2)

At T = Tc, Hc = 0 and (∂Hc/∂T )2 = 4H2
c (0)/T 2

c according to (22.1).
Actually the BCS theory (to be presented in the next chapter) shows that
(∂Hc/∂T )2 = 3.02H2

c (0)/T 2
c . Hence, using this improved value, we have

Cs − CN = 3.02μoVsoH
2
c (0)/Tc = 3.02ρFΔ2/Tc = 9.41ρFk

2
BTc = 1.43CN .

To arrive at the last result we employed the BCS relation 2Δ(0) = 3.53kBTc

(see (23.28) in the next chapter) and the relation CN = (2π2/3)ρFk
2
F
Tc �

6.58ρFk
2
F
Tc.

Problem 22.5s

Since A(r ′) is essentially constant over length scales much larger than ξP we
can take it out of the integral. Moreover, if θ is the angle between R and A,
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we will have R ·A = RA cos θ. Hence, R(R ·A) = R2 cos2 θA+R⊥AR cos θ .
Notice that the component R⊥ (normal to A) of R will be integrated to zero
because of rotational symmetry around A. We change integration variables
from r ′ to R = r − r ′ and we have

j = − 3
4πξo

e2ns

mc
A 2π

1∫

−1

d(cos θ) cos2 θ

∞∫

0

dRe−R/ξP

= −(2π)
3

4πξo
e2ns

mc
A

2
3
ξP = −e

2ns

mc

ξP
ξo

A,

which coincides with (22.17), if ξp = ξo.

Chapter 23

Problem 23.1ts

We have the following relations:
P = �K , p = �k , k 1 = 1

2K +k , k2 = 1
2K−k ; E = (�2K2/4m)+

(�2k2/m); k2
1 = 1

4K
2 + k2 + K k cos θ, k2

2 = 1
4K

2 + k2 −K k cos θ. Since
both k2

1 and k2
2 are equal to or larger than k2

F we have the inequalities:

−t1 ≤ cos θ ≤ t1 ≡
(

1
4
K2 + k2 − k2

F

)
/K k.

t1 can be written as follows: t1 =
√
m(E − 2EF)/P [E − (P 2/4m)]1/2. Of

course, |cos θ| must be smaller than or equal to one. Thus,

− t ≤ cos θ < t; t = min[1, t1]. (1)

Inequalities (1) imply both k1 ≥ kF, k2 ≥ kF as well as the obvious fact that
cos θ cannot be larger than 1. According to (23.10) and (1) we have

ρ0(E) =
2π

(2π)3

t∫

−t

d(cos θ)

∞∫

0

d k k2δ(E − (�2K2/4m) − (�2k2/m
)
)

or ρ0(E) =
t

(2π)2
(m

�2

)3/2
[
E − �

2K2

4m

]1/2

, E ≥ max
[
2EF,

P 2

4m

]
. (2)

When P = �K = 0, t = 1 according to (23.12), and ρ0(2EF) = 1
2ρFV. On the

other hand, if P �= 0 with 2EF > P 2/4m, then t→ 0, as E → 2EF and

ρ0(E) → m2

(2π)2�3

E − 2EF

P
, E → 2EF.
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Problem 23.8ts

Because tanh x
2 = 1 − 2(ex + 1)−1, (23.58) can be written as follows

1
λ

=

�ωD∫

0

dε
(ε2 + Δ2)1/2

−
�ωD∫

0

dε
(ε2 + Δ2)1/2

2
exp(β

√
ε2 + Δ2) + 1

. (1)

We notice that the second integral vanishes for T → 0, β → ∞. Hence

1
λ

=

�ωD∫

0

dε

(ε2 + Δ2
0)

1/2
, T = 0. (2)

Subtracting (1) from (2) and taking into account that the integral in (2) (and

the similar one in (1)) is ln �ωD+
√

(�ωD)2+Δ2
0

Δ0
, we have (by changing variables

to y = βε)

ln
Δ
Δo

= −
β�ωD∫

0

dy

(y2 + γ2)1/2

2

e
√

y2+γ2 + 1
, γ = βΔ, and β�ωD � 1.

(3)
Equation (3) shows that Δ/Δ0 is a function only of γ = Δ/kBT (since β�ωD

will be replaced by ∞). This function can be approximated by Δ/Δ0 =
tanh[TcΔ/TΔ0] (recall that Δ0/Tc = 1.7639kB). Taking into account that
tanhx = x− 1

3x
3 + . . . (x→ 0) we have

Δ2

Δ2
0

= 3
(
β

βc
− 1
)(

βc

β

)3

= 3
(
T

Tc

)3(
Tc

T
− 1
)
, T → T−

c . (4)

In the solution of problem 22.2s instead of 3 we have used the more accurate
value of 3.02.

Problem 23.9ts

According to (4) of the solution of problem 23.8ts, we have that ∂Δ2/∂β =
3.02Δ2

0/βc = 3.02Δ2
0kBTc in the limit T → Tc. In the same limit T → T−

c ,
(23.59) becomes

CV = −2ρF

T

∞∫

−∞
dε
[
ε2 +

3.02
2

Δ2
0

]
∂

∂ε

(
1

eβε + 1

)
,
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or, by introducing x = βε and γ0 = βcΔ0,

CV = −2ρFk
2
BT

∞∫

−∞
dx
[
x2 + 3.02

2 γ2
0

]
d
dx

(
1

ex+1

)

= 8ρFk
2
BT

∞∫

0

dxx 1
ex+1 + 3.02ρF

Δ2
0

T

= 8ρFk
2
BT

π2

12 + 3.02ρF
(1.7639)2k2

BT 2
c

T , T → Tc

= 15.98ρFk
2
BTc,

vs. (2π2/3)ρFk
2
BT for the electronic contribution to the specific heat for the

normal state. Thus

CV s − CV N

CV N

∣
∣
∣
∣
T=T−

c

=
3.02 × (1.7639)2

(2π2/3)
= 1.43.

Problem 23.1s

Schrödinger’s equation becomes
(

�
2k2

2μ
− E

)
ck +

1
V

∑

k ′
Vk−k ′ck ′ = 0, μ = m/2,

which, taking into account the forms of ck and Vk−k ′ , becomes

(2ε− E)a(ε) = λ

EF +�ωD∫

EF

dε′a(ε′). (1)

Call Δ′ the integral in (1) so that a(ε) = λΔ′/(2ε− E) and

Δ′ ≡
EF+�ωD∫

EF

dε′a(ε′) = λΔ′
EF+�ωD∫

EF

dε′
1

2ε′ − E

or
1
λ

=
1
2

ln
∣
∣
∣
∣
2EF + 2�ωD − E

2EF − E

∣
∣
∣
∣ �

1
2

ln
∣
∣
∣
∣

2�ωD

2EF − E

∣
∣
∣
∣ ,

or

|2EF − E| = 2�ωD exp
(
− 2
λ

)
.
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Problem 23.2s

By implementing the change in variables we have

−I =
1
2
ρVF

β�ωD∫

−β�ωD

dx
2
β

tanh(x/2)
(2x/β)

= ρVF

β�ωD∫

0

dx
tanh(x/2)

x
.

Integrating by parts we obtain

−I = ρVF(lnβ�ωD) tanh
β�ωD

2
− ρVF

β�ωD∫

0

dx ln x
d
dx

tanh
(x

2

)
.

In the last integral we replace β�ωD (which is much larger than 1) by ∞
(the resulting error is of the order of lnβ�ωD exp(−β�ωD)). The integral
∞∫

0

dx lnxd[tanh(x/2)]/dx is equal to − ln(2eγ/π) (See [D5], p. 580, 4.371.3)

Thus

I = −ρVF ln
(

2eγ

π
β�ωD

)
+ O (lnβ�ωDe−β�ωD

)
.
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23.3. D. Jérome, A. Mazaud, M. Ribault, K. Bechgaard, J. Phys. Lett. (Paris)

41, L95 (1980)
23.4. K. Bechgaard, K. Carneiro, M. Olsen, F.B. Rasmussen, C.S. Jacobsen, Phys.

Rev. Lett. 46, 852 (1981)
23.5. K. Maki, E. Puchkaryov, G.F. Wang, H. Won, Chin. J. Phys. 38, 386 (2000)
23.6. I.J. Lee, S.E. Brown, W.G. Clark, M.J. Strouse, M.J. Naughton, W. Kang,

P.M. Chaikin, Phys. Rev. Lett. 88, 017004 (2002)
23.7. D. Podolsky, E. Altman, T. Rostunov, E. Demler, Phys. Rev. Lett. 93,

246402 (2004)
23.8. G.M. Eliashberg, Sov. Phys. JETP-USSR 11, 696 (1960)
23.9. W.L. McMillan, Phys. Rev. 167, 331 (1968)

23.10. P.B. Allen, R.C. Dynes, Phys. Rev. B 12, 905 (1975)
23.11. L.N. Oliveira, E.K.U. Gross, W. Kohn, Phys. Rev. Lett. 60, 2430 (1988)
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Correlation Functions, 266, 504–506,
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Covalent crystals, See Covalent solids
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Curie law, 137
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Dielectric function
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38, 83, 97, 125, 395, 400, 780, 781

Dimensionless e-p coupling λ, 126

Dipole moment (electric), 690

Direct gap semiconductor, 189, 190,
199, 371, 438, 492, 551, 558

Direct lattices, 74–77, 249–251, 276,
277, 354, 364, 381, 420, 797, 798

Direct optical transition, 558, 559, See
Optical transition

Direct term in Hartree-Fock equation,
See Hartree-Fock approximation

Disorder and many body effects, 239,
331, 384, 538

Disordered alloys, 232, 499

Dispersion curve, 152

Displacive transition, See Structural
phase transition

Distribution function, 504, 505

Distribution, classical, See Boltzmann
distribution
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Distribution, Fermi-Dirac, See Fermi
distribution

Distribution, Planck, See Phonon
distribution

Divalent metals, 354, 388
Domains, closure, 584, 585
Donor impurities, 192, 195, 197
Donor ionization energies, 194
Donor states, See Donor impurities
Doping, 193
Doping of semiconductors, 193
DOS, See Density of states
Double layer, 479, 480, 483
Dressed electrons, 235
Drift current, 487–489
Drift velocity, 294
Drude formula, 117
Drude model, See Drude formula
Dulong and Petit law, 103
Dynamical matrix, 269
Dynamical structure factor, 265, 269

Effective Bohr magneton, 137
Effective Hamiltonian, 189, 191, 194,

276–279, 559, 560
Effective masses, 29, 154, 174, 186–188,

203, 321, 491
Effective mass, semiconductors, 186–188
Eigenfrequencies, phononic DOS,

201–206
Eigenvalue problem near Bragg planes,

See Almost degenerate case
Einstein relation, 224
Elastic constants

cubic crystals, 263, 367
in crystals, 262

Elastic moduli, 90, 91, 94–97
Elastic scattering, 39, 245, 267, 504,

506, 538, 576, 711
Elastic strain, 582
Elastic wave equation, 444, 735, 736
Electrical resistivity, 4, 38–41, 54–56,

125, 127, 222
Elastic wave quantization, 264, 269
Elasticity, theory of elastic constants,

260–263
Electric conductivity, 723
Electric induction, 685
Electrical conductivity, 114, 120–123

Electrical conductivity and resistivity of
the elements, 775

Electrochemical potential, 140, 519–521,
537

Electron affinities, 402, 550, 743
Electron diffraction, 762, 763
Electron-electron correlations, 235–237,

434, 435, 519, 595
Electron-electron indirect attraction,

655
Electron-electron interactions, 218

and Hartree-Fock approximation, 708
and Hubbard model, 607–613

Electron gas, 232, 534, 557, 564
Electronic polarizabilities, 404
Electron spin, See Spin
Electron-like trajectories, 285
Electron orbits, See Electron-like

trajectories
Electron spin resonance, 129, 130, 762
Electron, tight-binding, 532, 533
Electron transport, 510, 512, 513
Electron work functions, 232
Electron-electron collisions, See El-el

interactions
Electron-hole droplets, 373
Electron-phonon collisions, See

Electron-phonon interactions
Electron-phonon interactions, 237, 238
Electrostatic approximation, 114, 726
Electrostatic screening, 123
Elemental semiconductor, 48, 166,

167, 174, 177, 180, 309, 360, 365,
366, 388

Elementary excitations, 618–620, 668,
670, 671

Empirical pseudopotential method, 309
Empty core model, 305
Energy band calculation, 154, 155, 158,

162, 165, 181, 281, 285, 303–308,
310–320

Energy bands, 153, 310
Energy gap, 41, 321, 386, 445, 549, 646
Energy gap, superconducting materials,

632–637, 662, 663
Energy loss, 725
Entropy, 3, 8, 500, 582, 632, 634, 639,

641, 670, 693, 713–715, 717, 720,
721, 795, 821
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Entropy, current, 639
Equations of motion, 97, 733, 734
Equilibrium structures, 8, 10–15, 51
Ewald construction, 250
Exchange energy, 585
Exchange interaction, 582, 585, 597,

599, 601, 611–613, 622
Exchange term in Hartree-Fock

equation, 708
Excitons

binding energies, 373
Frenkel, 372, 373, 389
Mott-Wannier, 373, 389

Exclusion principle, See Pauli exclusion
principle

Expressions for ε(k , ω) within the JM,
728

Extended zone scheme, 159, 160, 174,
325, 334

Extrinsic semiconductors, 193

Face-centered cubic, 65, 67, 69, 75, 76,
231, 354–356, 358, 361, 363, 364,
394, 413, 448, 473, 501, 502, 549

Factor, atomic form, 248, 797
Fermi distribution, 716
Fermi energy, 12, 88, 90, 101, 156,

159, 289
Fermi function, See Fermi distribution
Fermi level, 12, 13, 165, 235–237
Fermi lines, 283, 330–336, 345, 353
Fermi momentum, 88, 107
Fermions, heavy, 625, 627
Fermi parameters, 89
Fermi sphere, 351, 354, 356, 363–365,

501, 606
Fermi surface(s)

of alkali metals, 351
of aluminum, 355
of beryllium, 354

Fermi temperature, 88
Fermi velocity, 88, 120, 121
Fermi wave vector, 330
Fermi-Dirac distribution, See Fermi

distribution
Ferrimagnetic materials, 570, 579
Ferrimagnetism, See Ferrimagnets
Ferrimagnets, 570, 574–576, 579, 592
Ferrites, 580

Ferroelectric crystals, 687
Ferroelectricity, 689
Ferromagnetic crystals, 578
Ferromagnetic materials, 235, 570, 577,

578, 582
Ferromagnetic order in the JM, 599
Ferromagnetism, See Ferromagnets

crystals, 578
domains, 592
Heisenberg model, 623
hysterisis, 578, 592
order parameter, 236

Ferromagnets, 434, 462, 571, 573, 574,
577, 578, 582–586, 591, 592, 603,
689

Fick’s law, 224
Field ion microscope, 232
Fine structure constant, 759
Finite systems, 52, 543–565

carbon nanotubes, 551–556
clusters, 544
fullerenes, 545–549
fullerides, 549–551
other clusters, 556, 557

First-order transition, 51, 239, 633
Floquet’s theorem, 72
Fluctuating dipole and Lennard-Jones

potential, 393
Fluctuating dipole, See Van der Waals

interaction
Fluxoid, 652, 654
Force constants, See Spring constants
Fourier analysis, 466
Fourier transform, 113, 115, 122–124,

236, 246, 247, 266, 306, 506, 507,
510, 656, 673, 681, 691, 692, 728,
787, 802

Fractional quantum Hall effect, 535,
538, 539

Free electron, 30, 54, 90, 93, 116, 121,
128, 137, 138, 191, 325, 326,
330, 334

Free electron approximation, 93
Free energy

Gibbs, 8, 18, 37, 51, 500, 582, 584,
587, 592, 640, 641, 645–647, 649,
650, 652, 653, 713, 796

Helmholtz, 632, 634, 640, 713
Frenkel defect, 223, 224, 796
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Frenkel exciton, 372, 389

Fullerenes, 53, 543, 545, 547, 548, 551,
564

Fullerides, 49, 549–551, 564

Gap
direct, 166, 189, 190, 199, 319, 371,

437, 438, 492, 551, 558
indirect, 165, 166, 189, 190, 199, 205,

437
Gas, See Electron gas
Gas, electron, See Jellium model
Gauge invariance, 686
Gauge transformation, See Gauge

invariance
Gels, 6, 47, 51
Generation current, 490, 491
Generation of carriers, 488
Ginzburg-Landau equation, 646
Ginzburg-Landau parameter, 645

Glasses, 6, 8, 49–51, 232, 234, 240, 499,
502

Grain boundary, small-angle, 230
Graphite, Graphene, 380
Group velocity, 152, 201, 259, 279, 281,

282, 284, 285, 329, 333, 457, 458
Grüneisen constant, 103
Grneisen parameter, 103
Gyromagnetic ratio, 130, 145

Hall coefficient, 133, 273, 293, 294, 299,
357, 376, 377, 388, 389

Hall effect

in aluminum, 273, 294
in semiconductors, 534
resistance, 38, 132, 534

Hall effect in compensated materials,
295, 296

Hall mobility, 377
Hall resistivity, 132

Hard matter, 48, 77
Harmonic approximation, 213, 238
Harmonic oscillations, 219, 256–258
Harrison’s construction, 336, 337, 345
Hartree-Fock approximation, 708
Hartree-Fock equations, 708
hcp, See Hexagonal close-packed

structure

Heat capacity, 503, See also Specific
heat

glasses, 503

phonon, 106

Heavy fermions, 627
Heisenberg model, 613, 619, 623

Heisenberg’s uncertainty principle,
10, 11

Heitler-London approximation, 597
Helium, 26, 33, 39, 57, 136, 373, 393,

394, 525, 707, 781

Heterojunction, 231, 233, 558

Heterostructures, See Heterojunction
Hexagonal close-packed, 55, 66–68, 75,

76, 78, 177, 250, 354, 355, 394,
412, 413, 434, 473, 502

Hexagonal close-packed structure, 66

Hexagonal lattice, 60, 63, 67, 811

High temperature superconductors, 49
Hole-like trajectories, 285

Hole orbits, See Hole-like trajectories
Holes, 41, 184, 186, 187, 194–196,

238, 293, 333, 368, 370, 371, 373,
374, 387, 389, 432, 441, 442, 483,
486–492, 496, 557, 559, 561, 564

Honeycomb network, 381
Hooke’s law, 47, 734

Hubbard model, 607, 610–612, 622

Hume-Rothery rules, 500
Hund’s rules, 597

Hydrogen bond, 49, 53, 58, 77, 785
Hydrogen molecule, 661

Hyperfine effects, See Knight shift
Hysteresis, 572, 573, 592

Ice, 49, 53, 58, 785
Impurities

and electrical conductivity, 223
and Kondo effect, 564

elastic scattering by, 121
in semiconductors, 192–195, See also

Donors; Acceptors; Doping
Impurity band, 234

Impurity band conduction, See Impurity
band

Impurity levels, 192–195
Indirect gap, 165, 166, 189, 190, 199,

205, 437
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Indirect optical transitions, 558–561,
See also Optical transitions

Indirect photon absorption, 164, 203,
254, 255

Inelastic scattering cross-section, 269
Inelastic scattering, phonons, 201, 252,

253, 268
Inert gas crystals, See Van der Waals

solids
Infrared transmission, 635
Inhomogeneous semiconductors, See

p–n Homojunction
Insulator-metal (Mott) transition, See

d-band
Insulators, 41, 48, 49, 64, 105, 153, 159,

178, 183, 202, 215, 224, 424, 430,
432, 549

Interaction of matter with an external
electromagnetic field, 711

Interband transitions, See Optical
transitions

Interfaces, 48, 225, 231–233, 240, 250,
314, 387, 438, 439, 457, 458, 461,
468, 471–498, 584, 585, 589, 591,
592, 630

Interstitials, 48, 223–225, 314, 315,
317, 796

Intrinsic carrier concentration, See
Intrinsic case

Intrinsic case, 197
Intrinsic coherence length, 645, 647,

653, 660
Intrinsic semiconductors, 371
Inverse spinel, 579
Ionic bond, 53, 58, 77
Ionic compounds, 49, 208, 255, 397–399,

401–407, 433
Ionic conductivity, 224, 225
Ionic crystals, 226, 255, 401
Ionic crystals, data, 400
Ionic crystals II-VI, 397
Ionic crystals III-V (mixed

ionic-covalent), 208, 397,402
Ionic interactions in real space, 338–340
Ionic motion, 27–29, 119, 221, 231, 239,

346, 407
Ionic oscillations, 97, 256
Ionic plasma frequency, 730
Ionic radii, 42, 399, 433

Ionic radii of the elements, 769
Ionic solids, 56, 57, 153, 157, 158, 174,

177, 223, 224, 238, 255, 302, 372,
373, 397, 399, 402, 406, 407,
550, 564

Ionic vibrations, 28, 97, 99, 103, 239,
245–272, 346

Ionization energies, 194
Acceptor, 195
Donor, 194

Ionization potentials and values of L, S,
and J of atoms, 772

Ising model, 614
Itinerant exchange, 599

Jellium model, 83–111, 113–147, 153,
211, 544, 656, 727, 729, 762

Jellium model and el-el Coulomb
repulsion, 599–603, 605–607

Jones zone (JZ), 363–365
Josephson effects, 677–681
Joule heating, 141
Junction, 231, 487, 491, 636, 677
Junction, superconducting, 495, 635

kB (Boltzmann’s constant), 15, 16, 29,
320, 322, 716, 759, 779

Kelvin relation, 141, 145
Kinetic energy, 7, 10, 18, 21, 22, 25–27,

53, 86, 90, 92, 218, 258, 276, 372,
396, 558, 600, 648

Kinetic theory of gases, 471
Kohler’s rule, 300
Knight shift, 131
Kohn anomalies, 604
Kohn, Rostoker method, 302, 315–317,

322
Kondo theory, 564
Korringa, 302, 315–317, 322
Korringa-Kohn-Rostoker (KKR)

method, 302, 315–317, 322
K-p perturbation theory, 320, 322
Kramers degeneracy, 321
Kramers-Kronig relations, 188, 404, 692
Kronig-Penney model, 327

Lagrangian equations, 116, 527
LA modes, 200
Landau diamagnetism, 138, 370
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Landauer formula, 518, 539
Landau levels, 139, 288, 289, 536–538
Landau levels for free electrons, 288
Landau theory of a Fermi liquid, See

Dressed electrons
Landau theory, phase transition, 649
Landau-Ginzburg equations, 646, 647
Landau-Ginzburg theory, 645,

652, 653, 665, 675, See also
Ginzburg-Landau

Lande factor, 129
Langevin diamagnetism, 134
Langevin function, 368, 369
Langevin susceptibility, 136, 145
Larmor diamagnetism, 134
Larmor frequency, See NMR frequency
Lasers, 6, 231, 253, 254, 440, 443, 688
Latent heats of melting and vaporization

of the elements, 774
Lattice conductivity, 183
Lattice constant(s), 62, 68, 71, 76, 100,

166, 167, 179, 278, 464
Lattice dynamics, See Ionic oscillations
Lattice frequencies, 97, 278
Lattice momentum, 268, 311
Lattice planes, 225, 227, 231, 495,

798, 812, See also Miller indices;
Reciprocal lattice

Lattices
cubic, 67, 261, 285, 398
direct, 74–77, 249–251, 276, 277, 354,

364, 381, 420, 797, 798
Lattice planes, correspondence with

reciprocal lattice vectors, 306, 308
Lattice planes. See also Miller indices;

Reciprocal lattice, 798, 812
Lattice specific heat, See Specific heat
Lattice sums, 394
Lattice sums of inverse powers, 394
Lattice types, 60–62, 67
Lattice vacancies, 223
Lattice vibrations

and specific heat, 104, 105
and superconductivity, 637
and thermal conductivity, 142
and thermal expansion, 106, 107
and thermopower, 140, 142
Bohm-Staver relation, 98
by light scattering, 252

by neutron scattering, 245

by X-ray scattering, 245

optical branch, 200

quantum theory of, 618

van Hove singularities, 282, 501, 538

Lattice with a basis, 63

Laue condition, See Laue’s equations

Laue’s equations, 251

Law of mass action, 196

LCAO method, 152, 153, 169, 173, 174,
183, 301, 302, 321, 360, 371, 420,
426, 474, 556, 737–754

Left-handed metamaterials (LHM), 52,
456–466, 468

Lennard-Jones 6-12 potential, 407, 556

Level repulsion, 169

Linear combination of atomic orbitals
(LCAO), 152, 153, 161, 169, 173,
174, 182, 183, 301, 302, 360, 378,
404, 426, 474, 607, 677, 737–754,
See also Tight-binding method

Light, scattering, See Brillouin
scattering; Raman scattering

Line defects, 214, 225, 240

Line width, 780

Linear chain, See One-dimensional
system

Liquid crystals, 6, 47, 51

Local electric field, 585, 690, 731

Localization, 232, 234, 235, 384, 440,
511, 513, 516–518, 523, 526, 527,
529–534, 540

Localized moments, 411

Localized states, 514

LO modes, 200, 201

London equation, 236, 642, 643, 653

London gauge, 642

London penetration depth, 643

Longitudinal acoustic (LA) phonons,
119, 120

Longitudinal oscillations, 119, 405

Longitudinal plasma, 144

Long-range order, 49, 51, 229, 505,
576, 592

Lorentz force, 128, 685

Low-angle grain boundary, 230

Lorenz number, the rhs of the
Wiedemann-Franz relation, 143
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Low energy electron diffraction (LEED),
232

Lower critical field, 649
LST relation, 203, 208, 404, 407, See

also Lyddane-Sachs-Teller relation
Lyddane-Sachs-Teller relation, 203, 208,

404, 407
Lyddane-Sachs-Teller relation and soft

modes, 208

Macroscopic electric field, 731
Madelung constant, 399, 401, 433, 550
Madelung energy, See Madelung

constant
Magnetic alloys (dilute), See Dilute

magnetic semiconductors
Magnetic anisotropy and domain

formation, 584
Magnetic breakdown, 278
Magnetic domains, 570–572, 582,

584–587, 592, 593
Magnetic flux quantum, 647, 649, 650,

652, 679, 759
Magnetic interactions

and mean field theory, 584
and nuclear magnetic resonance, 130
and spin-orbit coupling, 590
susceptibility, 602, 603

Magnetic ions, 579
Magnetic properties of superconductors,

627, 629
Magnetic resonance, 128, 461–465
Magnetic susceptibility, 128, 130, 133,

136, 137, 145, 288, 368, 370, 389,
412, 462, 573–577, 601, 603, 622,
689

Magnetite, 443, 575, 576, 579
Magnetization, 133, 138, 145, 370,

409, 569–574, 578, 580, 582–590,
592, 593, 599–601, 606, 614–616,
618, 619, 621, 623, 629, 632, 685,
712, 761

Magnetization-stress interaction, 582
Magnetoconductivity, 131, 132, 589
Magnetoconductivity, tensor, 377
Magneton, Bohr, 129, 137
Magneton numbers, 137
Magnetoresistance, See also

Magnetoconductivity

giant, 589, 593
two carrier types, 376, 377

Magnetostriction, See
Magnetization-stress interaction

Magnons, antiferromagnetic, dispersion
relation, 618

Many body problem, 217, 235
Mass density, 33, 84, 94, 97, 450,

475, 761
Material - specific calculations of

superconducting quantities,
674–676

Matthiessen’s rule, 122
Maxwell-Boltzmann distribution, 225,

374, 482, See also Boltzmann
distribution

Maxwell equations, 444, 456, 461, 466,
477, 495, 584, 641, 645, 685–688

Mean field approximation, 583, 584,
608, 610–613, 615, 616, 622, 623

Mean field theory, 584, 593, 645, 665
Mean free path, 39, 121, 122, 234, 374,

510, 512, 518, 534, 644, 691
Mechanical properties, 54–57, 222,

225–231, 365, 366, 389, 399–401,
407

Meissner (Meissner-Ochsenfeld) effect,
627

Melting
points, 409
temperature, 37, 38, 42

Mesoscopic regime, 48, 52, See
Nanostructures

Metal-insulator transition (Mott
transition), See d-band
conductivity

Metal-insulator transition, 835, See also
Mott transition

Metallic bond, 53, 77
Metals, 30, 39, 54, 55, 59, 86, 113–147,

174, 183–185, 230, 295, 302,
340–343, 351, 409, 473, 477, 544,
557, 589, 720

Microscopic mobility, 375
Miller indices, 67–70, 75, 798
Minority carriers, 489–492, 494, 496,

497, See also p–n junction;
Semiconductors

Mixed state in superconductors, 630
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Mobilities, 376, 384
Mobility edges, 514, 517, 523
Mobility gap, See Localized states
Molecular crystals, See Molecular solids
Molecular hydrogen, 238, 661
Molecular solids, 49, 53, 58, 177, 406
Momentum conservation, 165
Momentum, crystal, 72, 165, 185, 239,

251, 253, 254, 258, 274, 384, 618,
656, 755

Monocrystalline solids, 129, 263
MOSFET, 494
Mott exciton, 373, 389
Mott transition, 835, See also d-band

conductivity
Mott-Wannier excitons, 373, 389
Muffin tin potential, 313, 467
Multiphonon processes, 254
Multiplet, See Triplet state

Nanostructures, 500, 543
Nanotubes, 53, 543, 551–556, 564
Nearest neighbor, 68, 71
Nearly free electron approximation, See

Pseudopotential
Neel temperature, 577
Neel wall, 572
Negative effective mass, 155
Negative index materials, See

Left-handed metamaterials (LHM)
Neutron, 663

and magnetic ordering, 245
and phonon polarizations, 268
cold (thermal), 245
Diffraction, 245, 247, 250
energy-momentum, 663
magnetic reflections, 576
one-phonon scattering, 267
scattering length, 267

NMR frequency, 130
NMR tomography, 130, 131
Noble gas solids

data, 395
Debye temperature, 806
freezing and boiling points, 394

Noble metals
band structure and Fermi surface,

351–359
Nondegenerate semiconductors, 371

Non-interacting bosonic particles, 720
Non-interacting electrons, distribution,

718
Normal mode enumeration, 28, 29
Normal modes of harmonic crystal, 266,

See also Harmonic approximation;
Phonons

Normal process, 251, See also Phonon
umklapp process

Normal spinel, 579
n.p product, 196, 197
Nuclear magnetic resonance, 130, 131
Nuclear spins and magnetic moments,

776
Number of states, 73, 74, 86–90, 107,

109, 159, 187, 201, 234, 276, 330,
514, 669, 673, 700

Numerical relations and
correspondences, 764

One-dimensional system, 150
Onsager relations, 614
Open orbits, 295–297, 299, 357
Optical branch, 164, 200
Optical measurement of phonon spectra,

253, 255
Optical modes, See Optical branch
Optical phonon branch, 175
Optical phonons, 200
Optical phonons, soft, 164, 254, See also

Soft modes
Optical transitions, 199
Optical threshold in alkali metals, 119
Orbital angular momentum, quenching

of, 137
Orbitals, linear combination of atomic,

152, 738
Order

long-range, 49, 51, 229, 505, 576
short-range, 49, 229

Order parameter, 235, 236, 587, 632,
645, 648

Organic semiconductors, 386, 387, 389,
391

Oscillations, Friedel, 340
Oscillator raising and lowering oper-

ators, See Phonon creation and
annihilation operators

Overlap integrals, 301, 597
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Oxides, 49, 51, 430–435, 534, 591,
627, 677

Packing fraction, See Volume fraction
Pairing, 664, 675
Paramagnetism, 134, 137
Paramagnetism, VanVleck, 134, 369
Particle diffusion, electron, 487
Particle diffusion, ion, 225
Pauli exclusion principle, 11–15, 18, 706
Pauli exclusion principle and inertness

of filled bands, 185
Pauli spin magnetization, 370
Peierls instability, 162, 415, 793
Peltier coefficient, 141, 145
Peltier effect, See Peltier coefficient
Penetration depth, 627, 645, 651
Penetration depth, London, 643
Periodic boundary conditions, 150, 162,

553, 555, 644, 698–700
Perovskite(s), 49, 423–428, 435, 591
Periodic table of the elements, 765
Periodic zone scheme, See Repeated

zone scheme
Perovskite structure, 627
Persistent currents, See Surface currents
Perturbation formulas, See Perturbation

results
Perturbation results, 706–709
Perturbation theory, 222, 240, 310–313,

317, 318, 320–322, 325, 332, 345
Phase diagrams, 185, 610, 611, 806
Phase space, 606, 700
Phase transitions, 51, 52, 433, 527, 574,

577, 614, 633, 689
Phase transitions, structural, 239,

240, 538
Phonon creation and annihilation

operators, 270
Phonon distribution, 720, 721
Phononic crystals, 52, 450–453, 455,

456, 461, 467
Phononic crystals, gaps, 451
Phononic dispersions in metals, 340–342
Phonon-phonon interactions, 238–240
Phonons

coordinates, 258, 264
dispersion relations, 201, 251, 256–263
distribution, 721

heat capacity, 104
in metals, 342–345
inelastic scattering, 201, 252, 254
mean free path, 342–344
momentum, 143
normal processes, 251
soft modes, 239

Phonon scattering by surfaces, 143
Phonon umklapp process, 143, 239, 251
Photonic crystals, 52, 439–450, 466
Photons, 164, 246, 253, 255, 267,

371–373, 440, 476, 481, 482,
492, 727

Photovoltaic, 387, 492, 551, 558, 810
Physical constants, 759
Piezoelectricity, 688
Planck distribution, See Phonon

distribution
Plane wave expansion, 303, 309,

310, 446
Plane waves, 70, 73, 75, 86, 150, 245,

301–303, 309–311, 314, 315, 322,
360, 446, 451, 510, 603, 604, 622,
711, 735

Plasma frequency, 191
Plasma oscillation (plasmon), 119, 120,

143, 238
Plasmon at interface, 478
Plasmon frequency, 478, 498
Plasmon, surface, 477, 478, 498
Plastic deformation, critical stress, 229
p–n Homojunction, 483–492, 496, 498
p–n junction(s), 471, 488, 491–493,

498, See also Bending of bands;
Depletion layer; Recombination
current; Rectification; Reverse
bias; Saturation current

Point defect, 207, 510
Poise, 503
Poisson equation, 123, 484, 488, 494
Poisson’s ratio, 736
Polar semiconductors, See Compound

semiconductors
Polaritons, 255, 268, 373
Polarizabilities, 723

electronic polarizabilities, 404
ionic, 404

Polaron, coupling constant, 238
Polaron or bipolaron, 238



Index 861

Polarons, 238
Polycrystalline solids, 49, 214, 262, 263
Polycrystalline state, 48
Polymers, 50, 51, 443, 450
Polyvalent metals, 302, 342, 345, 346
Potential energy, 7, 9, 11, 26, 92, 93,

256, 338, 341, 596, 602, 702,
728, 734

Potential, periodic, 109, 133, 149, 154,
222, 274, 277, 288, 291, 313, 326,
330–332, 475

Potential well analogy, 533, 534
Powder method, 250
Pressures, 7, 8, 95, 96, 103, 459, 471,

640, 722
Primitive cell, See Cell, primitive
Primitive cell, pseudopotential, 361
Primitive vectors, 59, 62, 63, 67, 68, 70,

71, 351, 381, 495, 552–554
Pseudopotential(s), 325–328

form factors, 362
form factors, tables, 362
ionic, 303, 304, 306, 307, 337
method, 305, 309, 341, 342, 353, 356,

363, 371
total, 303, 307

Pyroelectric, 689
Pyroelectric crystals, pyroelectric

materials, 689

QHE, See Quantum Hall effect
Quantization

elastic wave, 269, 270
orbits in magnetic field, 289
spin waves, 138

Quantization of orbits, 289
Quantum dots, 52, 53, 385, 543,

557–559, 564, 565, 589
Quantum Hall effect, 38, 384, 534, 536,

537, 539
Quantum informatics, 240
Quantum interference, 510, 512, 513,

526
Quantum kinetic energy, 7, 10, 54, 77,

96
Quantum mechanics, 5, 10, 30, 153,

154, 279, 511, 697–712
Quantum of flux, 129, 647–650, 652,

654, 759

Quantum theory
Diamagnetism, 135
Paramagnetism, 137–139

Quasi-crystals, 500, 506, 508, 509, 538
Quasi-particles, 120, 235, 623, 665
Quenching, orbital angular momentum,

137

Radial distribution function, 506
Radius of a sphere whose volume is the

volume per atom, 767
Radius, ionic, 42, 399, 433, See also

Ionic radii
Raman effect, See Raman scattering
Raman scattering, 253, See also

Brillouin scattering
Random network, 551
Random stacking, 231
Rare earth ions, 627
Rare earth ions, and indirect exchange,

599
Rayleigh attenuation, See Rayleigh

scattering
Rayleigh scattering, 445
Reciprocal lattice

and Miller indices, 75, 798
of body-centered cubic, 75, 351
of face-centered cubic, 351, 354, 364
vectors, 74, 75, 77, 150, 155, 159, 247,

251, 253, 258, 268, 309, 311, 326,
328, 337, 352, 354, 475, 554, 656,
798

Recombination current, 491, 497
Recombination radiation, 488
Recombination time, 488
Reconstruction, 231, 472, 474, 495, 556
Rectification, 488
Rectification by p–n junction, 488
Reduced zone scheme, 159, 160, 283,

284, 325–329, 332–335, 352–354,
356, 357, 360, 361

Reflection, 9, 61, 114, 250, 292, 458,
459, 518, 519, 748, 750

Reflection coefficient, 518
Refractive index, 114, 190, 215, 456,

464, 468, 724, 842
Relaxation, 231, 472, 473, 479, 495
Relaxation time, 116, 375–377, 512,

526, 540, 638, 755
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Relaxation-time approximation, 526
Remanence, 573
Repeated zone scheme, 281, 283–285,

287, 295, 298, 331, 334–336, 357,
418, 798

Residual resistivity, 127
Resistance, electrical, 38, 761
Resistance minimum, 661
Resistance quantum, 516
Resistivity, 775

DC electrical, 38, 42
electrical, 4, 38–40, 55, 56, 125, 127,

222
Response, electron gas, 113, 127, 140,

534, 564
Response function, 462, 726
Reverse bias, 278, 487, 488, 490
RHEED, 232
Richardson-Dushman equation,

481, 493
RKKY interaction, 500, 599
RKKY theory, See RKKY interaction
Rotating coordinate system, 188, 785
Rotating crystal method, 250
Rydberg (Ry), 275, 361, 416, 561

Saturation current, 490, 491
Saturation current, in p–n junction, 490
Saturation magnetization, 572–574,

578, 580, 582, 584, 592
Scaling approach to localization,

529, 540
Scanning electron microscope, 763
Scanning tunneling, 763
Schottky barrier, 493, 591
Schottky defect, 223, 224, 795
Schottky vacancies, 224
Schröedinger equation, 73, 152, 155,

157, 160, 174, 194, 212, 220, 274,
303, 309, 313–316, 321, 382, 443,
446, 560, 646, 647, 698, 701, 702,
705, 737, 824

Screened Coulomb potential, 115,
340, 666

Screening, electrostatic, 115
Screening, Thomas - Fermi, 118, 729
Screw dislocation, 228
Second-order transition, 574, 614,

633, 689

Seebeck effect, 140
Self-assembled soft matter, 51, 52
Self-diffusion, 226
Self-trapping, See Polaron or bipolaron
Semiclassical approximation, 276,

278, 755
Semiclassical trajectories, 280, 283,

285–287
Semiconductor(s)

crystals, 177
degenerate, 196
dielectric constant, 191
doping impurities, 192
mobilities, 376
various data, 194, 195

Semimetals, 106, 153, 215, 273, 661
Semimetals, valence bands, 333
Shear

modulus, 34, 35, 47, 54–57, 97, 100,
215, 229, 239, 259, 736, 785

strain, 47, 48, 735
stress, 47, 48

Shell model, See Shell structure
Shell structure, 238
Short-range order, 49
Shubnikov-de Haas effect, 288
Silicon dioxide, 49, 51, 378, 389, 450,

494, 499, 502, 503
Single-domain particles, 570, 587
Single-electron transistor, 558
Singularities, Van Hove, 73, 259, 260,

269, 276, 282, 284, 286, 501,
513, 538

SI vs. G-CGS systems, 278
Size and energy, atoms, 21, 23, 41
Size effects, See Finite systems
Slater approximation to exchange term,

See X-α approximation
Slater determinant, 314
Slip, 225–228
Small oscillations approximation, 27, 36,

37, See Harmonic approximation
Sodium chloride structure, 69, 398
Soft matter, 48, 50–52, 77, 214, 499
Soft modes, 239
Solar cells, 192
Solitons, 238, 239, 387
Solutions of Helmholtz equation, 778
Sound velocities, 37, 98
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Space charge region, See Depletion layer

Spaghetti diagrams, 327

Specific heat, 29–31, 83, 104–108, 125,
138, 142, 145, 215, 273, 412,
502–504, 626, 632–634, 652, 671,
713, 722, 821, 824

Specific heat (electronic), 30, 125, 142,
145, 626, 652

Specific heat (lattice), 104

Specific heat coefficient Yc, 106

Spectral discreteness, 14

Spheres, close packing of, 32

Spherical harmonics, 704

Spherically symmetric potentials, 313,
319, 660, 700–706

sp1 Hybrid atomic orbitals, 744

sp2 Hybrid atomic orbitals, 745, 748,
750

sp3 Hybrid atomic orbitals, 749

Spin, 11, 13, 30, 86, 104, 129, 130, 134,
137, 138, 186, 219, 319, 320, 370,
413, 559, 569, 589, 591, 597, 600,
603, 608, 612, 614, 615, 617, 620,
638, 660, 712, 819

Spin density wave, 604–606, 622

Spinel, 579

Spin-orbit coupling, 188, 319, 320, 388

Spintronics, 588–592

Spin wave, 596, 618, 619

Spontaneous magnetization, 409, 619,
621

Spring constants, 213, 777

SQUID, 677–680

Stacking fault, 231

Static disorder and localization, 513

Statistical mechanics (SM), 5, 713–722,
763

STM, 232, 763

Stokes component, See Stokes line

Stokes line, 254

Strain components, 733

Strain tensor, 48, 260, 366, 367, 733,
734

Strength of alloys, 229

Stress and strain, 734, 735

Structural phase transitions, 238, 239,
538

Structure factor, 247, 265, 269, 797

Sublattices, 177, 224, 398, 587, 588,
592, 593

Substrate, 439, 499, 557, 558, 564
Superconducting quantum interference

devices (SQUID), 677–680
Superconductivity, 630, 632, 640, 641,

646, 649, 650, 652
coherence length, 645, 653, 660
concentration ns, 674
critical current, 631
critical Tc, 430
Ginzburg - Landau Theory, 645–651
infrared absorption, See infrared

transmission
intermediate state, 630
magnetic field, critical value, 629–632
mixed state, 630
order parameter, 235, 236, 675
perfect diamagnetism, 236, 426
Pippard’s generalization, 644, 645
quantization of the magneic flux, 651
relaxation times for nuclear spin, 638
specific heat, 632–634
strong coupling, 664, 672
temperature dependence of the

superconducting gap, 635–637
thermal conductivity, 639
thermodynamic relations, 639–641
thermoelectric coefficients, 638, 639
triplet pairing, 660
tunneling current in metal/ insulator/

superconductor junctions, 635
type I, 630–633, 640, 645, 646,

648–650, 652, 653
type II, 631, 645, 646, 649, 652
ultrasound attenuation, 635
vortex lines, 630, 632, 640, 641, 646,

649, 650, 652, See also Vortex
state

zero DC resistivity, 627
Superconductors

gap, 637
high Tc, 427
isotope effect α, 638

Superlattices, 437–439
Surface currents, 627
Surface dipole layer, 480
Surface electronic structure, 476
Surface levels, See surface states



864 Index

Surface plasmon(s), 477, 478, 498
Surface relaxation, 473
Surfaces, experimental techniques, 232
Surface states, 474–479
Surfaces of constant energy, 286, 287
Susceptibilities, 577
Susceptibility, Larmor, 136

TA modes, 200
TB method, See LCAO
Temperature, 8, 16, 18, 30, 31, 37, 41,

88, 237, 502, 522, 549, 574, 575,
577, 616, 628, 629, 633, 662, 664,
761, 781

Temperature, Debye, 83, 99, 104, 108,
237, 786, 787, 805

Tetrahedral angles, 749
Tetravalent metals, 358, 359
Thermal conductivity, 141–145, 385,

504, 638, 639
Thermal equilibrium, 265, 519, 638
Thermal expansion, 107, 108, 215, 238,

239, 714
Thermal expansion and Grüneisen

parameter, 103, 107, 108
Thermal resistivity, phonon, 239
Thermionic emission, 481, 482, 496
Thermodynamic potentials, 101, 581,

665, 668, 669, 713
Thermodynamic relations, 817
Thermodynamics, 5, 7, 8, 26, 587, 588,

594, 713–722
Thermoelectric effects, 141–143, 688
Thermoelectric response, 140–143
Thermopower, 140, 141, 145, 273
Thomas Fermi dielectric constant, 115,

118
Thomas-Fermi screening constant, 728
Thomson effect, 141
Tight binding model (TBM), 241,

281–287, 514, 522, 529, 530, 533,
622, 763

Tight-binding method (TB), 281
TO modes, 200, 201
Tomography, 130
Transistor, MOS, 762
Transition

first-order, 51
metal-insulator, 106, 330

second-order, 689

Transition metal alloys, 53

Transition metals

and compounds, 411
cohesive energies, 423

parameters, 420

Transition temperature, glass, 50
Translation operation, 59

Translation vector, 72

Transmission coefficient, 443, 502

Transmission probability, See
Transmission coefficient

Transparency, alkali metals, 119
Transport, 42, 55, 85, 120–122, 125,

144, 221, 237, 343, 371, 385, 387,
389, 432, 434, 510–513, 522, 523,
557, 558, 563, 564, 591, 674

Transport properties, 42, 55, 122, 125,
221, 223, 237, 238, 371–377, 385,
434, 522, 557, 563, 564, 674

Transverse acoustic (TA) phonon, 200

Transverse optical (TO) modes, 200,
201

Transverse optical (TO) phonon, 203,
255, 256

Transverse optical modes, 200

Triplet excited states, 388, 597, 598,
613, 622

Triplet state, 597

Trivalent metals, 354, 356, 357, 388
Tunneling, 8, 278, 589, 635

Tunneling, Josephson, 677

Tunneling probability, 677
Twinning, 231

Type I superconductors, 630, 633, 640,
645, 646

Type II superconductors, 630, 632, 633,
641, 646, 649, 652

Ultrasonic attenuation, 238

Umklapp processes, 143, 239, 344

Unit cell, 62, 64–66, 68–71, 78, 163, 248,
351, 364, 430, 431, 433, 437–439,
450, 461–466, 530, 550, 557, 575,
579, 592, 730, 738, 797

Upper critical field, 630

UPS, 232, 763

Useful mathematical formulae, 777
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Vacancies, 48, 122, 223, 226, 428, 796

Valence, 85

Valence band edge, 791

Valence bands, 40, 41, 159, 167, 168,
184, 187, 188, 207, 319, 320, 333,
365, 369, 375, 426, 486, 488, 730

Valence electrons, 54, 55, 73, 84, 93,
119, 129, 302–305, 307, 321, 352,
353, 368, 424, 462, 483, 741

Values of s-, p-, d- energy levels in
atoms, 707

Van der Waals force, 49, 57, 58, 380,
389

Van der Waals interaction, 24

Van der Waals solids, 393, 397

Van Hove singularities, 73, 259, 269,
276, 282, 284, 286, 501, 513, 538

Van Vleck paramagnetism, 134, 369

Variational principle, 315

Vector potential, 527, 581, 642–644,
646, 678, 711, 712

Velocity of Bloch electrons, 73

Vibrations, 28, 30, 37, 99, 103, 108, 144,
145, 163, 200, 239, 245, 258, 346,
504, 618, 637, 638, 652, 785, 805,
See Harmonic oscillations

Viscoelastic, 48

Viscosity, 47–49, 502, 503, 538, 785

Vitreous silica, See Amorphous silicon
dioxide

Volume fraction, 69

Volume per atom, 26, 27, 32, 33, 84,
107, 569

Von Laue’ equations, 251
Von Laue formulation of X-ray

diffraction, See Von Laue’
equations

Von Laue method, See Von Laue’
equations

Vortex state, 630, 632, 640, 641, 646,
649, 650, 652

Weak localization, 384, 526, 527, 532,
540

Wiedemann-Franz law, 143, 638
Wigner-Seitz cell, 62, 78
Work function, 232, 233, 479–481, 483,

493, 495
Work hardening, 230
Wurtzite structure, 66, 67, 205, 206

X-a approximation, 219
X rays, 245, 248, 252, 506, 538, 576
X-ray diffraction, 506, 763

Yukawa potential, See Screened
Coulomb potential

Zener breakdown, 487
Zero point motion of ions, 743
Zincblende structure, 177, 239, 398
Zones, Brillouin, 70, 75, 76, 150, 198,

258, 259, 274, 276, 325, 327
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